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Abstract 

In this paper we study how to distinguish two embeddings of a 
finite collection of disjoint circles into the plane up to planar isotopy. 
We adopt the spirit of the approach by V. Turaev, Operator Invari- 
ants of Tangles, Math. USSR-Izv. 35 (1990), 411-444, by considering 
a category of planar tangles and representing it in an "algebraic" cate- 
gory. From this we can extract a numerical invariant for embeddings of 
a finite collection of disjoint circles and this invariant is, up to certain 
choices, complete. 

1 Introduction 

Let PT be the category of non-singular planar tangles whose objects are 
finite sets of points in the real line identified up to 1- dimensional isotopies^, 
and whose morphisms between two objects Oi and O2 are piecewise regular 

-^these objects can be regarded as finite ordinal numbers 0, {0}, {0, 1}, ... 
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1- dimensional manifolds, with boundary Oi x {1} U O2 x {0}, embedded in 
M X [0, 1] identified up to planar isotopies: 




The composition of two morphisms ti and t2 is defined by 

t2oh ■.= g{f{ti)Ut2) 
where f{x, y) = {x,y + 1) and g{x, y) = (x, y/2). 




In this paper, the downward direction composition is used, some authors 
use the opposite direction. 

This category has the following presentation: 

The generators are morphisms t„,fc £ hom({l, n — l},{l,...,n+ 1}) 
connecting {i, 1) to [i, 0) if z < — 2, [i, 1) to (z + 2, 0) if i > A; — 1 and 

(/c- 1,0) to {k,oy. 



1 2 ... k-2 k-1 ... n-2 n-1 




1 2 ... k-2 k-1 k k+^ ... n n+1 
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and in,k £ hom({l, n + 1}, {1, ...,n — 1}) connecting (i, 1) to (z, 0) if z < 
k-2, \i + 2, 1) to (z, 0) if i > - 1 and {k - 1, 1) to (k, 1): 



1 2 - k-2 k-1 k k+1 ■■■ n n+1 



tn,k 



1 2 ■■■ k-2 k-1 n-2 n-1 



for any A;, n G N with 2 < k < n + 1. 

For the rest of this paper it is better to number the intervals instead of 
the points: 



12 ... , k-2 , k-1 , k , ... . n-1 , n 



tn,k 



1 2 ... k-2 k-1 k k+1 k+2 ... n+1 n+2 
1 2 ... ,k-2 , k-1 , k, k+1 k+2, ... , n+1,n+2 



1 2 ... k-2 k-1 k ... n-1 n 

These generators satisfy the following relations: 



1 2 



k-1 k ■■■ n-1 n 



1 2 ■■■ k-1/^k+1 k+2 ■■■ n+1 n+2 



1 2 ■■■ k-2 k-1 



k-1 



n-1 n 



2 ■■■ k-2V^ k 



k+1 ■■■ n+1 



n+2 



1 2 ■■■ k-1 k 



n-1 n 



1 2 



k-2 k-1 - n-1 n 



1 2 



1 2 



1 2 



k-1 



k-1 



k-1 



tn,k+l ^ tfi,k k—1 ^ tji k idj^ 



where idn 


= {1, 


. . . , 


n} X [0, 1] is 


the identity morphism on {1, . 


..,n 


1 


2 




n-1 


n 1 


2 




n-1 


n 














1 


2 ■■■ 


k 


n+1 


n+2 1 


2 


1-2 


■ ■■ n+1 


n+2 



1 2 



I ■■■ n+3 n+4 12- k 



I ■■■ n+3 n+4 
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for / > A; + 2: 



12- k ■■■ I ■■■ n+1 n+2 12- k - I ... n+1 n+2 



1 2 



1 2 



1-2 



n-1 n — 1 



n-1 



n-3 n-2 1 2 



n-3 n-2 



for / > + 2: 



1 2 - k 



1 2 



n-1 n "12 - k 



n-3 



1-2 -■ n-1 n 



n-1 n 



n-2 = 1 



2 - k ... ■■■ n+^ 

I 



n-i-2 



1 2 



1-2 .- n-1 n 



for I > k + 2 and 



tn-2,l-2 O tn-2,k — l'n,k " ; 



tn k ^ tr, 



1 2 



1 2 



k W 



1 2 ... k 



1-2 ... n-1 n 12 



1-2 ... n-1 n 



n-i-1 n+2 = 1 



n-3 



n-2 



n-1 n 



1 2 ... k 



n-1 n 



tn,l ° tn,k — tn-2,k ° tn-2,l-2 

for / > A; + 2. 

Now we want to represent non-singular planar tangles by functions. That 
is, we want to find functions Tn,k and Tn,k satisfying the following relations: 



Tn,k+1 ° Tn^k — Tn^k-l ° ^n,/c — "^d 
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Tn+2,l ° Tn,k — 



Tn+2,k ° Tn,l-2 



iorl>k + 2; 



Tn-2,l-2 ° Tn,k 



O Tr 



n,l 



for / > A; + 2; 



Tn-2,l-2 O Tn-2,k — Tn,k ° ^n,/ 



for / > /c + 2 and 



Tn,l O Tn^k — 



Tn-2,k ° Tn-2,l-2 



iorl>k + 2. 

Our proposal is to represent PT by the following category PIm whose 
objects are Oi, (^2, C's, ••• where On is the set of pairs {R,~u') such that 
R = [rjj] is a n X n Boolean matrix satisfying the following properties: 

El. R> I (where / is the identity matrix); 
E2. R* — R (the matrix is symmetric); 
E3. R? = R (the matrix is idempotent); 
Tl. If — 1 then |i — j| is even; 

T2. For any a < < 7 < 5, r^^^rp^s < r^firp^^r^^s] 

T3. For any a < j3 ii r^^p = 1 then either rQ,+i,/3_i = 1 or there exists 7 
between a and (3 such that ra,7 = 1. 

and is an array of n entries with values in a chosen lattice ordered monoid 
M such that it is fixed by the action induced by R which we will define later: 

EC. i?* 17" = 17". 

Note: The properties El, E2 and E3 represent an equivalence relation, 
and the properties Tl, T2 and T3 have topological motivations (see the 
explanation in section 3.1). 

A morphism between and On is just a set function between the sets 
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2 Algebraic interlude 

Definition 1 The canonical Boolean algebra B is the set {0, 1} with two 
binary operations: the sum + and the multiplication •, and a unary operation 
the negation -> such that ({0, 1}, +, •) is the (unique) semi-ring with 1 + 1 = 1; 
^0 = 1 and ^1 = 0. 

Definition 2 A Boolean matrix is a matrix with values in the canonical 
Boolean algebra. 

Wc define the operations sum, multiplication and transpose in the same 
way as on real matrices: 

Sum: [oij] + := [qj] where = a^j + h^j 

n 

Multiplication: [a, j] [bij] := [q j] where c, j = ^ Oi.fe&fej 

k=l 

Transpose: [oij]* := [aj,i] 

There is a natural partial order relation on these matrices given in the 
following way: 

[ai,j] < [bi,j] iff aij < hj^ij 
These matrices have many of the properties of real matrices. 

Proposition 1 Let A, B and C be Boolean matrices with appropriate di- 
mensions. We have: 

1. (commutativity of the sum) A -\- B = B + A; 

2. (associativity) {A + B) + C ^ A + {B + C) and {AB)C = A{BC); 

3. (distributivity) A{B + C) ^ AB + AC and {A + B)C ^ AC + BC; 

4. ( existence of the zero matrix) A + O = A , AO = O and OA = O where 

O is the matrix with all entries equal to zero; 

5. (existence of the identity matrix) AI = A and I A = A where I = [Sij] 

with Si J = 1 4^ i = j; 

7. (idempotency of the sum) A -\- A — A; 
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8. A< B ^ A + B ^ B; 

9. {ABY = B^A^ and {A + Bf = A* + B*; 

10. A<B^A + C<B + CandCA<CBandAC<BC and A^ < BK 

We can regard a square Boolean matrix it! = of dimension n as a 
binary relation on the set {1, n}: 

Then: 

Proposition 2 The binary relation represented by the matrix R is: 
i. reflexive iff I < R; 

11. symmetric iff i?* = R; 
iii. transitive iff' R^ < R. 

Thus we can transpose the notions of reflexivity, symmetry and tran- 
sitivity from the binary relations to square Boolean matrices. Notice that 
reflexivity and transitivity imply idempotency of the product for Boolean 
matrices. 

Proposition 3 (definition) Let A be a square Boolean matrix and let 

oo 

A-.^Y^A"" ^ A + A^ + ... 

n=l 

Then: 

i. A is transitive; 

ii. For any transitive matrix B,A<B^A<A<B; 

iii. A<B^A<B; 

iv. A = A; 
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V. If A> I then A — A"' for some natural n.^ 
A is called the transitive closure of A. 

Next we will define a lattice ordered additive monoid to be a commutative 
monoid (M, ©,0), where © is the binary operation of the monoid and 
is the zero element, with a partial order relation < such that (M, <) is a 
distributive lattice with minimum and where the sum ® is distributive 
over the operations meet A and join V. Formally, it is a set M with three 
binary operations ©, V and A and an element such that for any a, 6, c e M 

M. (M, ®) is a commutative monoid: 

Ml. (commutativity) a ® 6 = 6 ® a; 

M2. (associativity) {a® b) ® c ^ a ® {b ® c); 

M3. (existence of the zero element) ® a = a; 

L. (M, V, A) is a distributive lattice: 

LI. (idempotency) a\/ a — a and a Aa — a; 

L2. (commutativity) aV b — bV a and a Ab — b Aa; 

L3. (associativity) {aV b) \/ c ^ aV {bV c) and (a A 6) A c = a A (6 A c) ; 

L4. (absorption) a A {aV b) — a and aV {a Ab) — a; 

L5. (distributivity) a A (6 V c) = (a A 6) V (a A c) and a V (6 A c) = 
(a V6) A (aVc); 

C. The lattice and monoid structures of M are compatible by the following 
axioms: 

CI. Va = a and Aa = 0; 

C2. a © (6 V c) = (a © 6) V (a © c) and a © (6 A c) = (a © 6) A (a © c). 

Remember that by definition a\/b = sup{a, 6} and aAb = inf{a, b}. Also 
we have a<b4^ayb = b'^aAb = a. Using the axioms of such monoids^ 
we have the following properties: 

^This is not true for matrices with infinite dimension. 

^In this paper we will only consider monoids of this type and will refer to them simply 
as monoids. 
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PI. a < a e 6; 

P2. (a V 6) © (a A 6) = a © 6. 

The property PI is very easy to prove and the proof of P2 follows from 
the following inequalities: 



Examples: 

1. M := No = {0, 1, 2, ...}, := 0, a ® 6 := a + 6, a V 6 := max{a, b} and 

a Ab :— min{a, b}; 

2. M := Ni = {1,2,...}, := 1, a © 6 := a6, a V 6 := l.c.m.{a,b} and 

a Ab :— g.c.d.{a, b}; 

3. M a distributive lattice with minimum and © := V. 

Now we consider the following action of the canonical Boolean algebra B 
on a monoid M: 



(a V 6) © (a A b) 



[a © (a A b)] V [6 © (a A b)] 

[{a © a) A (a © b))] V [{b © a) A (6 © b)] 
(a © 6) V (6 © a) 
a®b 



< 



(a V 6) © (a A b) 



> 



[{a V 6) © a] A [(a V 6) © 6] 
[(a © a) V (6 © a))] A [(a © 6) V (6 © b)] 
(6© a) A (a © 6) 
a © 6 



B X M 



(v, m) ^ 



V * m 



where 




Then we have: 



i. (^1^2) * m = Vi * {v2 * m) \/vi,V2 & B;m G M; 
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ii. {vi + V2) * m — {vi * m) V {v2 * m) \/vi,V2 G B; m e M; 

iii. V * (mi V 1712) = {v * mi) V (w * 1712) G B; nii, 1712 G M; 

iv. V * (mi © m2) — {v * mi) ® (v * m2) G B; mi, m2 G M. 

Now we can define an action of Boolean matrices on arrays with values 
in the monoid M. 

Definition 3 Let [fjjjmxn be a Boolean matrix and (aj)j=i,...,n be an array 
in M". We define 

n 

[vij] * {ttj) := (6j)j=i,...,r„ where k ^ \/ Vij * Uj 

Proposition 4 For any Boolean matrices A and B and any arrays it and 
y with values in M., we have: 

1. (AB) * 'x = A*{B*^); 

2. {A + B) *lc' ^ {A*lc')V {B * x"); 

3. I * Ic^ = Ic^ and O *~x = ; 

4. A* {Ic y ~y) = {A*lc)y {A* ~y); 

5. A* {Ic < {A*lc) ® {A*^). 

where I is the identity matrix, O is the zero matrix, the operators V and ® 
are defined coordinate by coordinate in M" and = (0, ...,0). 

3 Representation of the category PT on PIm 

To each object of PT with cardinality n we associate the object On+i of 
PIm- 

The motivation is the following. An object O of PT gives a decompo- 
sition of the real line into intervals, and each planar tangle that ends on O 
decomposes the strip M x [0, 1] into regions whose boundaries contain these 
intervals. Ordering the intervals in the natural way we will store in a Boolean 
matrix the information about which intervals are in the same region, that 
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is, the intervals i and j are in the same region if and only if the entry 
of the Boolean matrix is 1. Also to each interval we associate a value (in 
the given monoid M) which is specific for the region to which the interval 
belongs. Thus in this way, intervals in the same region have the same value 
and therefore the array of values is fixed by the action of the matrix. 

This should make clear the reason for the properties that the matrices 
in On have to satisfy. Indeed, the author conjectures that any matrix with 
the properties El, E2, E3, Tl, T2 and T3 has a geometric realization in this 
form. 

To obtain a functor from the category PT to the category PIm we need to 
associate to each elementary tangle tn,k a-nd tn,k functions T„ ^ : 0„ — > Cn+2 
and T„^jt : On+2 — ^ C>n that satisfy the same relations as t^^k and tn,k- 

We want these functions to preserve the motivation for the definition 
of On- Specifically if {R, "u*) is an element of On, and R is the matrix 
of connectivity of the intervals for a specific tangle that ends on the object 
associated with 0„ then the image (i?', V') of {R, V) by Tn,k (or Tn,k) has R' 
as the matrix of connectivity of the intervals which terminate the composition 
of the tangle t„ ^ (or t„-2,fc) with the specific tangle. Furthermore, if 1/" gives 
the values assigned to the intervals, then if'' gives the values assigned to the 
intervals after composition with the tangle tn,k (or tn-2,k)- 

We will define T„_fe and T„^fc as follows 

fn,k{R, V) = {R', V) 

where 

R' — Bn,kRBn^f. + Dn+2,k 

and 

^' = Bn,k * ^ 

Bn,k is a Boolean matrix with n + 2 rows and n columns defined by 

Bn,k ■= [bij] with bij = liS i = j<k or i = j + 2>k. 
Dn,k is the diagonal square Boolean matrix of dimension n defined by 

Dn,k ■= [di,j] with dij = 1 iS i = j = k. 

We can regard the matrix i?„ ^ as the connectivity relation between the 
upper and lower intervals of the tangle in,k, that is, bij = 1 iff the upper 



Representations of non-singular planar tangles by operators 



12 



interval j and the lower interval i are in the same region for the tangle tn,k 
(or equivalent ly, iff the upper interval i and the lower interval j are in the 
same region for the tangle in k). 

In this sense the formula R' = Bn^kRBl^ f. + Dn+2,k means that two distinct 
intervals i and j are in the same region after the composition with tn,k Hi k 
and j ^ k and the intervals k{i) and k{j) {k{i) = i if i < k, k{i) = i + 2 if 
i > k) are in the same region before the composition by tn,k- In other words 
two intervals which not k are in the same region if the respective intervals 
above them in the tangle in,k are in the same region before the composition 
with in,k- 

The formula V'' = Bn,k * ^ means that the extended regions (after the 
composition with the tangle tn,k) preserve the old values and the new region 
created over the interval k receives the value 0. 

Now we define Tn^. 

fn,k{R,l^) = (i?', V) 

where 
and 

V = i?' * [{Bl^k * V) e (e„,fe_i * Xk)] 

where e„ is a 1-column Boolean matrix of dimension n defined by e„ := 
[ej] with ej = liffi = A; — 1 and is a monoid value which depends on R 
and'u* (despite this, we use the symbol Xk instead of Xk{R-i v) to simplify 
the notation), given by the following formula: 

r / \i r/ \ / \i I '-PiVh) if fk-l) 

a^fe = [rfe-i,fe+i*<^(t^fe)]©[(-'rfc_i,fe+i)*(vfe-iA^;fe+i)] = <^ ' 

1^ Vk-l A Vk^i II Tk-l,} 

where rk-i,k^i = el^^k-i^^n,k+i (the (A; — 1, k+1) entry of R) and ip : M — > M 
is a fixed function (without structure) independent^ of {R, Ij^). 

The idea behind the formula R' — (S* f.RBn,kT is the same as before. The 

matrix f^RBn^k transfers the relation between two intervals of belonging to 
the same region from the top of the tangle in^k to the bottom, and we need to 
take the square power because the matrix i?* f^RBn,k may not be transitive, 

^The representation depends on the choice of the function (p i.e. a different function (p 
gives a different representation. 
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since t„,fc joins the regions associated to the intervals k — 1 and k + 1 (which 
may or may not be the same). 

The formula = R' * [(5^ ^ * V) © {en,k-i * ^k)] plays a crucial rule in 
the construction and needs a more careful explanation. What it says is that 
the interval k — 1 receives the values of the old intervals k — 1 and k + 1 and 
if these intervals are in distinct regions then we sum them by the operation 
© (since {vk-i V Vk+i) © (wfc-i A Vk+i) = {vk-i © Vk+i) by P2). 



/ ) 




\ ^ ( 




\ o \ 

\ \ 


/ 




Vk+1 / 



k-1 k+1 



If they are in the same region then we take their common value and sum to 
it some modification (given by the function ip) of the value of the interval k 
corresponding to a region which is closed after the composition with in,k- 




The other intervals receive their former value if they are not in the region 
associated to the interval — 1 or receive the new value of the interval k — 1 
if they are in the same region as that interval. This is why we take the action 
of the matrix R' on the array (5* * © {en,k-i * Xk) so as to transfer the 
value of the interval A; — 1 to others connected with it. 

A better way of thinking about this may be that the array of values 
describes the histories of the regions associated to each interval, which keep 
track of the histories of any closed region inside them by means of the function 
if. The Boolean matrix essentially plays the role of an assistant storing the 
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information about which intervals are in the same region. For example, in 
the case of closed planar curves, which are morphisms from the empty set to 
itself, we get in the end a one-dimensional square matrix (which is unique by 
the condition El) and a one-dimensional array (or simply a monoid value). So 
in this case the Boolean matrix doesn't matter at all and the only significant 
content is the monoid value. 

So as to simplify the notation we will always substitute tn^^, in,k, Tn^ki 
Tn,k, Bn,k, Dn,k and e„,fc by ik, h, Tk, fk, Bk, Dk and Ck when n is imphcit. 

3.1 The well-definedness of the functions ^ and Tn,k 

Tn,k '■ On ^ On+2 

with R' = BkRBl + Dk and ~u' = Bk*!)". 

We need to check that if R— [r^j] is an n-dimensional matrix that satisfies 
the conditions: 

El. R>r, 

E2. i?* = R; 
E3. R^ = R] 

Tl. If Tjj = 1 then |i — i| is even; 

T2. For any a < /3 < 7 < 6, Ta^^rp^s < ra,prp^^r^^s; 

T3. For any a < if r^,/? = 1 then ra+i,i3-i = 1 or there exists 7 between a 
and (3 such that Tq,^^ = 1. 

then the matrix R' = BkRBj. + Dk is an n -|- 2-dimensional matrix that 
satisfies the same conditions. 

Also we need to prove that if if is fixed by the action of R: 

EC. i?* If = If 

then if' — Bk * ^ is hkewise fixed by the action of R'. 

First we will check that R' satisfies the conditions El, E2, E3, Tl, T2 
and T3. 
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El: 

R>I^R' = BkRBl + Dk> BklBl + Dk > {I - Dk) + Dk = I 

The operation minus on Boolean matrices is defined in the following 
way: 

[0'i,j]-[bi,j] = [cij] where = 1 iff a^j > 6ij(i.c. a^j = 1 and bij = 0) 

It easy to see that, for any matrices A and B, {A — B) + B > A and 
A > B ^ (A - B) + B = A. We leave it to the reader to check that 

E2: 

R — R^ =^ R!^ — [BkRBl + DkY — BkR^Bl + Dl — B^RBl + — R' 

E3: 

R^ = R^R'^ = {BkRBl + Dkf 

= BkRBlBkRBl + BkRBlDk + DkBkRBl + Dl 
= BkRIRBl + BkRO + ORBk + Dk 
= BkRBl + Dk 
= R' 

We leave it to the reader to check that BlBk — /, BlDk — O and 
DkBk = O. 

Tl: The condition 

n J = 1 =^ i - i e 2Z 

is equivalent to the condition 

R — Cnxn 

where Cmxn is the chess board matrix of dimension m x n defined in 
the following way: 

Cmxn = [ci,j] i=i,-,m with Cij = 1 iff i - j G 2Z 

j=l,...,n 

It is easy to see that CixmCmxn < Qxn (in fact, this is an equality un- 
less m = 1), and also we have Bn,k < C'(„+2)xn and Dn,k < C'(„+2)x(n+2)- 

Thus R < Cnxn R' — BkRBl + Dk < C'(„+2)xnC'nxnC'nx(n+2) + 

C{n+2)x{n+2) < C'(n+2) x (n+2) ■ 
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T2: Let [nj] = R and [rlj] = i?' = BkRBl + D^. 
Suppose that: 

Hypothesis: V„</3<^<5 ^^0,7^/3,5 < '^a,/3'^/3,7^7,5- 

We want to prove that: 

Thesis: V„</3<^<5 r'^af'^s < r'^^p^y^^s- 

In the case Q; = /3or/3 = 7or7 = 5 this assertion is true if [r^j] = R' 
satisfies the conditions of an equivalence relation (El, E2 and E3): 

(1) = 1 for any i; 

(2) r'ij = r'j i for any i and j; 

(3) r'ijr'j,^ < for any i, j and /c. 

which we have already seen to be true. 
In fact, a a — P we have 



and 
and 
thus 

if /3 = 7 we have 



r' r'o £ — t' r' s — r' r' a r' s 

a,7 p,o a,7 a,o 7,a a,o — 7,0 



II II III III 

and if 7 = 5 we have 

ry^ ry^ ry^ ry^ ry^ ry^ <^ ry^ 



and 



!y^ ry^ <^ ry^ ry^ 
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and 
thus 



ry^ ly^ ly^ ly^ ly^ 

So we are left with the case a < P < ^ < 5. It easy to see that 

'^ij = \ ^k,j if i = A; 
[ Si^k if j 

, t , ( i if i < k ( 1 if i = k 

where/.W = | ._2 if ^>fc and 5,, = | ^ . ^ 

if /c G {a, P, 7, (5} (with a < /9 < 7 < 5) then 

ry^ ry^ f\ <^ ry^ ly^ ly^ 

if ^ {a,/3,7, 5} we have kia) < k{P) < k{'y) < k{5) and then 

''^a,'yfp,5 = ^ifc(a),fe(7)^fe(/3),fe(5) - ^fe(Q;),fe(/3)'^ifc(/3),fe(7)'^fe(7),fe(5) ^ ''a,/3^/3,7^7,5 

T3: Suppose by hypothesis that: 

Hypothesis: Va<;3 r^,^ = 1 ^ ra+i,;3_i = 1 or 3„<^<;3 : 

'"a,7 1- 

We want to prove 

Thesis: M^^^ r'^^^ = 1 ^ r^+^^^.i = 1 or 3«<7</J : '^a,7 = 
1. 

where [r^j] = i? and [rlj = R' = B^RBl + D^. If p = a + I then the 
thesis is true by the condition E2 or by the condition Tl. 

\f P = a + 2 then the thesis is true by the condition El. 

Now, we consider /3 > a + 3. If A; = « or A; = we have g = 0, so 
the thesis is true. If A; = a + 1 then r^^^+i = r'^.^^^^^ = r^k-i)Mk+i) = 
rk~i,k-i — 1 and we have q; = A; — l</c + l</3, so the thesis is 
true. Ifk = p-1 then r'^,^_^ = r'^^p^k-i = <,/3^fc+i,fc-i = <,/3 and we 
have q;<A; — l<A; + l = /9, so the thesis is true. Now suppose that 
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k ^ {a,a + l,P - If r'^ p = ^k(a),m ^ ^ hypothesis, 

'^ifc(a)+i,ifc{/3)-i = 1 or there exists k{a) < 7' < s.t. ^r;^(a),7' = 1- 
Since k ^ \a, a + 1, P — 1, P} we have that k{a) + 1 — k{a + 1) and 
k{p)-l = k{(3-l) {k^^ {a,a + l} ^ a + 1 < kor k <a^ k{a) + l = 
a + 1 = k{a + 1) or k{a) + l = a — 2 + 1 = k{a + 1), and the same 
argument for k{l3)-l = kiP-lj). Thus r^(^)+i,fe(^)_i = <+i,;3-i- Since 
k : N \ {k} — > N is surjective and monotone, for any 7' between k{a) 
and k{P) there exists 7 between a and /3 such that 7' = k{'y). And 
then r^(^^ ^, = r'^^^. Thus the thesis is true. 

Now we only have to check the extra condition: 
EC. R'*l]" ^ V 

assuming that 1^ is fixed by the action of R. 

= {BkRBl + Dk)* Bk*^ 
= [{BkRBi + Dk)Bk]*U' 
= {BkRBiBk + DkBk)*^ 

= Bk* {R* V) 
= Bk*lj^ 

Next we show that the function Tk is well-defined. Recall that: 



Tn,k '■ On+2 ^ On 



with 

and 

where 



-If' ^R' * [{Bl * V) © {ck-i * Xk)] 



Xk = [rk-i,k+i*V>{vk)]®[hrk-i,k+i)*{vk-iAVk+i)] = 



(p{vk) if rk-i,k+i 
Vk-i A Vfc+i if rk-i,k+i 



Let us prove that R' satisfies the six conditions in C„ and that V'' is fixed 
by the action of R'. 
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El: 

R>I^R'^ {BlRBkf > {BllBkf ^I^^I 

E2: 

R^R^^ r!^ ^ [{BlRBkf]^ = [{BlRBkfY = {BlR^Bkf = {BlRBkf = R! 

E3: To check the transitivity of R' it is sufficient to prove that {B\RB}^)^ < 
(BlRBk)^ (assuming that R^ = R). 

{B^RBkY = B^RBkBlRBkB^RBk 

^ BiR-i^ + BkDk_iB\)RBkB]^RBk 

— BI.RI RB^Bj^RBj^ + Bj^RB^Dk-iBj^RB^Bj^RBi^ 

< BlRBkBlRBk + BlRBkDk-iBlR{I + BkDk-iBl)RBk 
= B\.RBkB\.RBk + BlRBkDk-iBlR'^Bk 

+BlRBkDk-iBl.RBkDk-iBlRBk 

< B\RBkB\RBk + B\RBkDk_iB\RBk + B\RBkDk_iB\RBk 

— B^RBkB^RBk 
= {BlRB^f 

We leave it to the reader to check that -B^S^ < / + B^Dk-iB]. and 
Dk-iBlRBkDk-i < Dk-i- 

Tl: 



R < C(n+2)x{n+2) R' — {BlRBkf < (C'„x(n+2)C'(n+2)x(n+2)C(n+2) 

^ (C'nxn) — Cnxn 

T2: Using the "equahty" r^j — ejRej we need to check that: 

Thesis: VQ</3<-y<5 el^R'e^SpR'es < el^R'epCpR'e-yet^R'es. 
assuming the hypothesis: 

Hypothesis: ^aK^K-yKS e^^Re^e^pRes < el^Repe^pRe^e^^Res. 



\2 



xn 
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Since R' satisfies the equivalence relation conditions (El, E2 and E3) 
the thesis is satisfied for a = or = 7 or 7 = 5. So we can assume 
that a < (3 < < 5. 

We will substitute the hypothesis by a more appropriate hypothesis. 
But for that we need to introduce a new definition and same properties. 
Let u and v be two one-column non-zero matrices. We define: 

u -< V iS max{i : Ui — 1} < min{i : Vi = 1}. 

Proposition 5 1. -< defines a strict order relation on the set of non- 
zero one-column matrices; 

2. u -< v,ea < u and ep < u =^ a < j3; 

3. (Va</3<7<5 el^Re^e^jjRes < e^^Repe^f^Re^ei^Res) ^ i^u-<v-<w-<x u^Rwv^Rx < 

u^Rvv^Rww^Rx) ; 

4. a < /3 =^ BkCa -< BkCfj. 

Now we take a new (weaker) hypothesis: 

N.H.: Vq,</3<7<<5 el^BlRBkeje*^^BlRBkes < el^BlRBkCpepBlRBke^ei^BlRBkes. 

e^R'e^e'^R'es = eiBiRBkBlRBke.,e\,BlRBkBiRBkes 

< e'^BlRil + Ak)RBke^e'f,BiR{I + Ak)RBkes 

— ^^a^k^BkC^e^pB^RBkCs + e^^B^RA^RB^e^e^pB^^RBkes 

+elBlRBke^e'f^BlRAkRBkes + e^BlRAkRBke^e'pBlRAkRBkes 

where 

= BkDk_iB^ = Bkek-ief._iBf. 
Now, wc only need to prove that: 

(i) eiBlRBkC^e'pBlRBkes < e^R'epe'pR'e^et^R'es; 

(ii) eiBlRAkRBkC^e'pBlRBkes < elR'e^e'pR'e^el^R'es] 

(iii) elBlRBke^e'pBlRAkRBkCs < eiR'e^e'^R'e^e'^R'es] 

(iv) eiBlRAkRBkS^e^pBlRAkRBkes < elR'epe^^R'e^e^R'es. 

For that it is useful to observe that, for arbitrary square matrices. 
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{e\Xe^f = e\Xe^, 
since e\Xej and e^Fe; are one-dimensional square matrices. 

(i) 

^aBlRBkC^epBlRBkes < el^BlRBkCf^e^i^BlRBke^et^BlRBkes 

< elR'e^e^^R'e^el^R'es 

Observe that 

BlRBk < {BlRBkf = R' ^ elBlRB^e^ < e\R'ej 

(ii) eiBlRAkRBke^e'^BlRBkes = eiBlRBkek-iel^^BlRBke^e'^BlRBkeg. 
Iik-l<P then 

eiBiRBkek-iel_^BlRBke^e'f^BlRBkes 
<eiBlRBkek-ie\_^BlRBj,epe'f,BlRBke^e\BlRBkes 
< el^R'epe^pR'e^el^R'es 

lik-l = 13 then 

e^aBiRBkek-ie\_iB\RBke^e^pB\RBkes 
= eiBiRBkepe'f^BiRBke^e'pBiRBkes 

= el^R'epe^pR'e^e^pR'e^e*f^R'es 
= el^R'epe^f^R'e^ei^R'e^e^pR'es 
< el^R'epe^pR'e^ei^R'es 

If /? < - 1 < (5 then 

eiBlRBkek-iei_,BiRBke^e'pBlRBkes 

= ^a^k Cfc - 1 -Bfc RBk esel^^iBlRBkCy 

^ ^a^l RBk epe^f^Bl RBkCk-i e\-iBk ^-Bk e^. ^ -B^ RBk 

< elR'epe*pR'ek-ie\_^R'e5el_^R'e^ 

= e^^R'epe^pR'ek-ie\_^R'e^ei^R'ek-ie{_^R'e5 

< el^R'epej^R'e^et^R'es 
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lik-1^5 then 

^a^k e-k-i&\-iBl. RBk e^e^f^Bl RBk es 
= eiBlRBkeselBlRBke^e'^BlRBkes 
^ eiBlRBkes{e\BiRBuepfe'^BlRB„es 

< eiR'epe'f,R'es{ei.R'es f 

= el^R'cfsepR'eselR'eyci^R'es 

< e'^R'epe'f^R'e^et^R'es 

Iik-1>5 then 

Bk RBkCk-i efc_ 1 -Bfc RBk e^e'j^Bl RBk es 
^ e^BlRBkek-ie'^BlRBkese^BlRBkek-i 
<eiBiRBkek-ie'pBiRBke^ei^BlRBke5e\BlRBkek-i 

< el^R'ek-ie^f^R'e^ei^R'eselR'ck-i 
= eiR'ek-iel_^R'esepR'ejet^R'es 

< eiR'ese'f^R'e^et^R'es 
= e^^R'epe^f^R'e^ei^R'es 

(iii) eiBlRBke^e'pBlRAkRBkSs = e^BlRAkRBkepel^BlRBke^. 

Since all arguments in case (ii) arc valid reversing the order of 

a, /3, 7 and 5, we have that: e\^B\RBke^e^ijB\RAkRBkes < el^R'epCpR'e^ei^R'es. 

(iv) 

el^BlRAkRBke^e'^BlRAkRBkes 

= el^Bl RBk ek-iel._^Bl RBk Cye^^Bl RBkCk-i e\_-^Bl. RBk es 

< e^^R' ek-ie\_^R' e^e^pR' ek-ie\_^R! es 

= eiR'ek-iel_^R'ef^e^ijR'ek-iel._iR'e^ei^R'ek-iel_iR'es 

< eiR'e^e^f^R'e^et^R'es 

T3: Lemma 6 If R — [nj] represents an equivalence relation, then the fol- 
lowing statements are equivalent: 

(i) Va</3 ra,g 1 =^ ra+i,f3-i = 1 or 3a<^<a : r«,^ = 1; 

(ii) Vq,</3 ra^p = 1 ^ 3a<7</3 : Ta^y = r a+i,^-i = 1; 

(iii) Va</3 ra,i3 = 1 ^ ra+1,0-1 = 1 or 3a<7</3 : r^,/3 = 1; 

(iv) V„</3 r„,/3 = 1 ^ ^a<'r<p ■ r^,i3 = r ^+1,0-1 = 1- 
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Proof. It easy to see that (ii) =^ (i) and (iv) ^ (in). To see 
that {{) ^ (a) wc take 7 = inf{5 < /3 : ra,5 = 1} and to see that 
{in) =^ (iv) we take 7 = sup{5 > a : rs^p — 1}. (i) <^ {in) results from 
the transitivity of [vij]. ■ 

Now we want to see that [r[j] = (BlRBk)^ satisfies one of the state- 
ments of the lemma (assuming that R = [rij] also satisfies the same 
statements and the remaining conditions on On+2)- Using the prop- 
erties oi R — [rjj] and the relation R' — [r^^] = [B^RBk)^ we can 
set: 



^ a,l3+2 + 1^ a,k-l'f' fc+1,/3+2 



if k - 1 > /? 

if k-l = f3 

if a < k - 1 < P 

if k — 1 = a 



^ ra+2,i3+2 + ra+2,k+irk-i,p+2 if k-Ka 



Case A: k-1 > (3. r'^ ^ = ra,i3+ra,k+\rk-i,i3 = 1 =^ r^,/? = 1 or r^^k+i = 

Tk-l.p = 1- 



A.l: r 



1. 



3q;<7i</3 
1. 



' - 1 with 



1 ^ 3 

Q+l,7x — 1 a,7i 

A. 2: rQ,^fc_|_i = Tfc-1,/3 = 1 ^ 3cj<^2<fc+i • ^a+1,72-1 = 
A.2.1: If 72 < /3 then we have r'^+i,^^.i = r„,^^ 
a < 72 < /3. 

A. 2. 2: If /3 < 72 < /c — 1 we can use the condition T2 to get 

^a,^ = 1 (case A.l) since Ta^-y^ = 1 ^P^k-i = 1- 
A. 2. 3: If 72 = A; we have ^ = 1 which together with 

^a,k+i = 1 contradicts the condition Tl. 
A.2.4: If 72 = k+1 thenr„+i,fc = 1 ^ ^a+i<'y^<k ■ ^73+1,^-1 = 



'^73,fe 



1. 



A. 2. 4.1: If /? < 73 < /c — 1 we can use the condition T2 
to get rk-\,k — 1 (which contradicts the condition Tl) 
since rp^k-i = 1 and r^,^,fc = 1. 

A. 2. 4. 2: If a + 1 < 73 < — 1 we have r'^.,^+i^a = 1 (since 
^73+1,^-1 = 1 and rfe 



"73.*: 

'^a+ 1,74-1 



+i,Q = 1) and r^3,Q+i = 1 (since 
1 and rk,a+i = !)• Taking 74 = 73 -f- 1 we have 



a,74 



1 with q; < 74 < /3. 
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Case B: k-l^ (5. r'^j^ = rc,k-i+ra,k+i = 1 =^ ra,k-i = 1 or r^k+i = 
1. 

0+1,7]^ — 1 «,7i 

B. 2: rQ,^fc_|_i = 1 =^ ^a<'-i2<k+\ '■ ^a+1,72-1 ~ ''"«,72 ~ 

B.2.1: If 72 < /c — 1 then we have r'^_^^^^^_^ = r^ ,^^ = 1 with 

a<72<^-l = /?- 
B.2. 2: If 72 = A; we have ra^^ — 1 which together with 

T^a,k+i — 1 contradicts the condition Tl. 

B. 2.3: If 72 = k+1 then ra+i,k = 1 =^ 3c,+i<^3<jfc : r^3+i,jt-i = 

B.2. 3.1: If 73 = A; — 1 then r^^+i^jt-i = rk,k-i — 1 which 
contradicts the condition Tl. 

B. 2.3. 2: If a + 1 < 73 < A; - 2 we have r'^^+i^a = 1 (since 
r^3+i,fc_i = 1 and rk+i,a ^ 1) and r^^^a+i = 1 (since 
r^3,fc = 1 and rfe,a+i = 1). Taking 7^ = 73 + 1 we have 

<+i,74-i = '^a,74 = 1 ^i*^ a < 74 < ^ - 1- 
Case C: a<k-l< p. r'^p = ra,i3+2 + ro,,k+irk-i,i3+2 = 1 =^ rc,,/3+2 = 

1 or ra,k+l = '^ifc-1,/3+2 = 1- 

CI: Ta,l3+2 = 1 ^ ^a<'i-^<|3+2 '■ ^a+l,7i-l — fa,ji — 1 ^nd 3q,<^2</3+2 ■ 

'^72,/3+2 = 'r72+l,/3+l = 1. 

C. 1.1: If 7i > 72 + 1 we can use the condition T2 to get 

ra,p+i = 1 since ra,T,j = 1 and r^^+i./J+i = 1- This together 
with ra,i3+2 = 1 contradicts the condition Tl. 
C.1.2: If 7^ < 72 then 7j^ < A; or 72 > A; or 7^ = 72 = k. 

C. 1.2.1: If 7i < A;thenra+i,^j_i = ra,j^ = 1 =^ '^a+1,71-1 = 

= 1 with a < 7;^ < A; < /3. 

C. 1.2.2: If 72 > A; then r^2,/3+2 = ?^72+i,/3+i = 1 =^ 
r;;2,/3+2 = ^72+i,„3+i = 1 with a<A;-2<72-2</3. 

C.1.2. 3: If 7i = 72 = k then r„+i,^^_i = r«+i,fc_i = 1 
and r^2+i,/J+i = = 1 which implies r'^+i^p^i = 

1. 

C. 2: r„,fc_i = rk+i,f3+2 = 1 =^ = 1 with a < A; - 1 < /3. 
CEise D: A; — 1 = a. This case is analogous to case B. 
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Case E: k — 1 < a. This case is analogous to case A. 

Now we only have to check the condition: 
EC. i?' * V = V 

which is obvious from the definition of U^' because R' is idempotent. 

3.2 Checking the relations on Tk and 

Now we are going to prove that and satisfy the following relations: 

1. Tfe+i o Tfc = fk-i ofk^ id; 

2. fiofk^fko fi_^ for Z > A; + 2; 

3. fkofi= fi_2 o fk and o = o T;_2 for Z > /c + 2; 

4. tkoti^ fi_2 o Tfe for / > A; + 2. 

We begin by checking the first relation. 

1. Tfc+i o Tfc = Tfc_i o Tfe = irf. 

Let ^) e (i?2, t) = rfe(i?i, ^) and {R3, ^) - T]t+i(i?2, T) = 
^fc+i o^'fc(^l,"a')• 
We want to show that {R3, ~c) = "a*). 

J i?2 = BkRiBl + Dk = BkRiBl + 1 p _\p:t /r n Rt, no 12 

-^3 = (-Bfc+i-Bfc-Ri-Bfcfifc+i + -Bfc_,_ii?fc+i)^ = + /)^ = RI = Ri 
We leave it to the reader to check the identities B^j^^Bk = I and 

'fe * a 

where Xk+i = [rk,k+2 * © * {hk A 6^+2)] with 

'^fe,fe+2 = 4-^2efe+2 = el{BkRiBl+Dk)ek+2 = 4-^fe-Ri-Bfeefe+2+4-^feefe+2 = 
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thus Xk+i = fcfc A h+2 = A ajt = 0. 
Then we have 

~c = R3* [{{Bl^^Bk) *~a)®{ek*0)] = Ri*{~a ®0) = Ri*~a =~a 

To check the identity Tfc-i oT^ — id we use the same procedure. 

2. fiofk = fkO fi.2 for / > A; + 2. 

Let {Ri, ^) e On, (i?2, T'fcl^i, ^) and (i?3, ^) = Tl(i?2, V) ^ 

TiofkiRi, ~a), and let (i?^, ~b') = f,_2(i?i, ^) and {Ri^, = ffe(i?^, V') 
Tk o T;_2(-Ri, "a*). We want to check that (i?3, = (i?3, "c*). 

-R3 = BiR2B\ + 

= Bi{BkRiBi + Dk)B\ + Di 
— BiBkRiB^Bj + BiDkBj + Z^; 
= {BiBk)Ri{BiBky + Dk + Di 

and 

-R3 = BkR'2Bl + Dk 

= Bk{Bi_2RiBl^ + Di_2)Bl + Dk 
— BkBi_2RiBj_2Bl + BkDi_2Bl + 
= {BkBi_2)Ri {BkBi_2y + Di + Dk 

Thus i?3 = Rs- We leave it to the reader to check BiD^Bf — D^, 
BkDi_2Bl = A and BiB^ = SfcS;_2. 

= Bi* b = Bi* {Bk*~a) = (BiBk) *~a ^ 
— > > ^ c — c . 

c' = Bk* b' = Bk* {Bi_2 * a) = {BkBi_2) * a 

3. fkofi = fi_2 o Tfc and T} o = T), o fi_2 for / > A; + 2. 

Let ^) e C„, (i?2, ^1(^1, ^) and (i?3, ^) = Tfe(i?2, ^ 

TkoTi{Ru and let (i?^, T') = fk{Ri, ~a) and (i?^, ^0 = Ti_2(i?^, T') 
Ti_2 o Tfc(i?i, "a*). 

We want to check that {R'^, ~c') = {R3, 

First the case I > k + 2 (where we have the identity B^Bi = Bi_2Bl). 
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-^3 = (-Sfc-R2-Bfc)^ 

= [Bl{BiR,Bj + Di)Bk]^ 

= {B\BiRiB\Bk + B\.DiBkY 

= {Bi^2BiRiBkBl^ + 

= Bi-2B\RiBkB\_2Bi^2B\.RiBkB\_2 + -Bi_2-Bfc-Ri-Bfc-B/_2A-2 

+A-2-Bz-2-Bfc-Rl-Bfc-B;*_2 + -D;-2 

= Bi.^BlRiBklBlRiBkBl^ + Bi^^BlR^B^O + OBlR^BkBl^ + A-2 

= Bi_2BlRiBkBlRiBkBj_2 + A-2 

= Bi_2{B\RiBk)'^ B\_2 + A-2 

= Bl-2R'2B\_2 + -D;_2 



We leave it to the reader to check B^DiB^ — Di_2- 

~c = R^* [{Bl * V) © {ck-i * Xk)] where Xk = [rkli^k+i * ^i^k)] © 
[hr^k-i,k+i)*ibk-iAbk+i)] with r''^\^^^ = el_^R2ek+i and b = 5,*"^. 
In this way: 

~c = i?3 * *~a)® (efc_i * Xfc)] 

= Ri^ * [(5;_25* * ^) © (efe_i * Xk)] 

= {Bi_2R'2B\_2 + A-2) * [{Bi_2Bi * ^) © {ek-1 * Xk)] 
= {{Bi_2R'2Bl_2) * [(A-2S;t * ^) ® * ^fc)]} 
V{A-2 * [{Bi^2Bl * ~a) © (efe_i * Xfe)]} 



Lemma 7 Let M = [fiij] be a Boolean matrix and let and Tu be 
two arrays. If, for each index i, we have one of the following situations: 

(1) *Wj^$ for all j (or /j^ j * vj ^ $ for all j); 

(2) ji^j — 1 for, at most, a single index j; 

then M * ® Tu) = {M * ~u) ® {M * vj). 



Proof. Let 'x' := M * (1^ ® ly) and "y' := (M * V) ® (M * ). We 
have 

n n 

Xi^y * ® Wj) = y [{iiij * Vj) © {nij * Wj)] 
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n n 

(1) If /ijj *Wj = $ for all j then 

= yiii^ij * '^j) © 0] = V * '"j 
j j 

and 

Vi = (V i^id * ^^■) ® (V ^) = V * 

(2) If there exists k such that = 1 ^ j = k then 
and 

n 

■ 

With this lemma we have that: 

S*_2 * [{Bi^2Bl * e (efe_i * Xfc)] = {Bf_^Bi_2Bl * {B\_^ek-i * Xk) 

by the condition (2) of the lemma for i 7^ Z — 3, and by the condition 
(1) for i = Z — 3; and 

A-2*[(5z_25i,*^)©(efe_i*Xfe)] = {Di_2Bi_2Bl*lt)®{Di_2ek-i*Xk) 

by the condition (2) of the lemma. 
Thus 

^ = {{Bi^2R'2BU)*[{Bi^2Bi*^)®{ek-i*Xk)\} 

V{A-2 * [{Bi-2Bi *~a)® [ck-i * Xk)]} 
- {{Bi.2R'2) * [{Bl,Bi_2Bi * ^) © {Bl^ek-i * xj,)]} 

y[{Di_2Bi-2Bl * © (A-2efc-i * Xk)] 
= {{Bi^^R'z) * [{Bi * ^) © {Bl^ek-i * Xk)]} V [(OS* * ^) © (O * x^)] 
= {Bi_2R'2) * [{Bi * '^) © (efe-1 * Xfe)] 
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On the other hand 

~c' - Bi_2*~b' 

= Bi_2*{R'2*[{Bi*^)(B{ek-i*x',)]} 

= (Si_2i?'2)*[(^fc*^)® (eik-i*4)] 

where x'fc = [rl^li^k+iMak)Mhr'j^\k+i)*iak-i^ak+i)] with r^^l^^^^+i = 
e^.i-RiCfc+i. 

To check = 'c we only need to prove that x'l, = Xk- 

= el_^{BiRiB\ + Di)ek+i 

= e*fc_i5ii?ifi,*efc+i + e*j._iAeit+i 

= e^_]^i?iefc+i 

_ ^(1) 

~ ' fe-l,A;+l 

h — Bi * ~a and I > k + 2 imphes that = Ojt-i, &fe = Ofc and 
^fe+i = flfc+i- 
Then 

= [4-i,fc+i * ® [(^4-i,fc+i) * A «fc+i)] 

Now, let us study the case I — k + 2. 

In this case, in contrast with the case I > k + 2, wc don't have BlBi = 
Bi^^Bl In fact, 5*5^+2 = (I - D^) +Qk-i,k+i and 5^5* = (1-/^^) + 
Qk-i.k+i + Qfc+i,fc-i where Q^.g = e^e'^g (i.e. all entries of Qa,i3 are zero 
except the entry {a,P)). Thus B\Bk+2 < BkB\. 

-^3 = {BlR2BkY 

= [-Bfe(i?fc+2-Ri-Bfc+2 + -Dfc+2)-Bfe]^ 
= {BiBk+2RiBl_^_2Bk + B\Dk+2Bkf' 

= (-^fc-^fc+2-Rl-B|.+2-Sfc + -Dfc)^ 

= -Bfc-Bjfc+2-Ri-Bifc+2-^fe-^jk-^fe+2-Ri-6fc+2-Bjt + B\Bk+2RiB\^2BkDk 

+DkBlBk+2RiBl_^^2Bk + Dl 
— BlBk+2RiBl_^_2BkBlBk+2RiBl^2Bk + 
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because 



-Dfe-Bfe-Bik+2-Ri-B^+2-^fe = {BiBk+2RiBl_^2BkDkY = O 



R's = BkR'2Bl + Dk 

^ Bk{BlRiBk)'^Bl + Dk 

= BkBlRiBkBlRiBkBl + Dk 

Since B^^^^Bk < BkBl and BlBk+2 < BkB\, we have 

-R3 — B\Bk+2RiBl.^2BkB\Bk+2RiB\^2Bk + Dk 
^ BkBlRiBkBlBkBlRiBkBl + Dk 

On the other hand, since B\j^2BkB\,Bk+2 = BkBl, we have 

R's = BkBlRiBkBlRiBkBl + D^. 

= Bl_^2BkBlBk+2RiBl^2BkBiBk+2RiBl^2BkBlBk+2 + -D^ 

— Bi+2BkiBlBk+2RiBl_^_2BkBlBk+2RiBl_^_2Bk + Dk)BlBk+2 + Dk 

— B\j^2BkRzB\Bk+2 + Dk 

< BkBlR^BkBl + Dk 

< Rl + Dk 



Thus R3 = R3. 

Here we make use of the following inequalities: 

Bk+2BkDkBlBk+2 < BkBlDkBlBk+2 — O 

and 

-^3 = {BiR2Bk)^ 

= [Bi{Bk+2RiBl^2 + Dk+2)Bk]'^ 

> {BlBk+2RiBl_^2BkY 

> {BlBk+2Bl^2Bky 

- (B,Br)^ 
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^ = i?3 * [{Bl * 6 ) © (efc_i * Xk)] 

= R'^ * [{BlBk+2 * 'a ) © {ck-i * Xk)] 

= {BkR'^Bl + Dk) * [{BiBk+2 *~a)® {ck-i * Xk)] 

= {{BkR'^BD * [{BiBk+2 * ^) © (efc-i * Xk)]} 

V{Dk * [{BiBk+2 * ~a) © {ek-i * Xk)]} 
= {BkR'^Bi) * [{BiBk+2 * ^) © {ck-i * Xk)] 

because, using lemma we have 

Dk*[{BiBk+2*'a)®{ek-i*Xk)] = {DkBiBk+2*'a)®{Dkek-i*Xk) = 
since DkBiBk+2 < DkBkBi = O and DkCk-i = O. 
= Bk*~b' 

= Bk*{R'2*[{Bi*lt)®{ek-i*x'^)]} 
= {BkR'2) * [{Bi * -^) © (efc_i * x',)] 

Lemma 8 Let if be an array with values in a monoid. Ifvk+i < ffc-i 
then Bi*~v = Xk*~v where Xk = Bi{I — Dk+i). 

Proof. Xk differs from Bi only in the entry (A; — 1,A; + 1) which 
is in Xk and 1 in Bi. Thus we only need to check the equality 
Bi * if = Xk * if for the k — 1 coordinate which is Vk-i V Vk+i in 
Bi*lf and Vk-i in Xk * if. Since, by hypothesis, Vk+i < Vk~i we have 
the equality. ■ 

The k + \ coordinate of {BiBk+2 * '(f) © {^k-i * Xk) is 

4+1 * [{BiBk+2 * ^) © {ck-i * Xk)] = {ei^^BiBk+2 * ^) © {el^^Ck- 

= {ei+i *'a)®{0* Xk) 

and the k — 1 coordinate of {BiBk+2 * if) © {^k-i * Xk) is 
4-1 * [{BiBk+2 *lf)® {ck-i * Xk)] = {el_^BiBk+2 * ^) © {ei_^ek-^ 

= [(4-1 + 4+1) * ^] © (1 * Xk) 

= (ofc-i V afc+i) © Xfc 
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Thus, we may apply the previous lemma 

Bl * [iBlBk+2 *'a)® {ck-i * Xk)] = Xk* [(5*5fc+2_^ ^) © {eu-i * Xk)] 

= {XkBlBk+2 *~a)® (XfeCfe-i * Xk) 
= {Bl *~a)® (efc_i * Xk) 

We leave it to the reader to check that XkBl.Bk+2 — Therefore 

~c = {BkR'2Bl) * [{BlBk+2 * ~a) ® {ck-i * Xk)] 
= (BkR^) * [{Bl * e {ek-i * Xk)] 

and thus = 'c' if Xk = x'/. and we can check this using the same 
proof as was used in the case I > k + 2. 

Now, let us study the other relation Ti o T^. = ° ^-2 for / > + 2. 

We know that T;/ o T^/ = Tk'-2 o Ti/ for k' > I' + 2 (substituting k by /' 
and I by k' in the relation we have already proved). 

We will use a mirror symmetry between these two relations. For that 
purpose, let us introduce the function mirror symmetry defined as fol- 
low: 

Mr,: Or^ ^ On ^ 

{R,~V) I > {SnRSn,Sn*~v) 

where Sn is the n-dimensional square matrix defined by 

[si,j] with Sjj = liffi + j = n + l. 

We have that Mn o M„ is the identity function on O^. since S"^ — 
I. Also, hearing in mind the relations Sn+2Bn,kSn — and 
Sn+2Dn+2,kSn+2 — Dn+2,n+3-k, it IS not too hard^ to chcck the commu- 
tativity of the following squares: 



On 
On 



Tk 



On+2 On+2 

M„+2 Mn+2 



n+2 



o. 



n+2- 



On 

■On 



'n+3-fc 



■^It is only necessary to check the coniniutativity of the two first squares since the other 
two are obtained from these by a change of variables. For the second square it is useful to 
check first the identity Xn+3-i{Sn+2RSn+2, Sn+2 * V) = xi{R, V). 
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a 



Mn 



a-2 

M„_2 M„_2 



Mn 

On 



'n+3-i 



Thus the outside square in the following diagram: 



Tk 



o, 



n+2 



Tn+:i-l 

o. 



n-2. 



n+2 



n-2 



n+2 



commutes (i.e. T} o = o Ti_2) if and only if the inside square 
commutes (i.e. T„+3_ioT„+3_fc = T^+i.^oT^+g.; Ti/offc/ = fy_2°fv 
by making the change of variables: V — n^Z — I and /c' = n + 3 — A;) 
which we know to be true since Z>A; + 2=^/c'>Z' + 2. 

4. Tfc o fi = fi^2 o tfc for / > + 2. 

Let (i?i, ^) G Cn, (i?2, V) = T/(i?i, ^) and {R3, ^) = Tfc(i?2, V) = 
fkofi{Ri, and let {R'^, t') = fk{Ri, ^) and (i?^, = 31_2(i?^, T') 
3]_2orfc(i?i,^). 

We want to see that {R!^, ~c') = (i?3, ~c ). 



(*) 



i?3 = (i?^i?2-B/c) = Bj,R2Bk — BlBjRiBiBk — Bj,BjRiBiBk 



-^3 = -B*_2-R2-^i-2 = Bj_2BlRiBkBi_2 — B\_^B^^RiBkBi_2 
and since -Bj-Bfc = -Bfc-Bi-2 we have i?3 = i?3. 
Note that A means the transitive closure of A. 
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(*) Now let us prove that BlB\R2BiBk = BlB\R2BiBk and B\_^BlR2BkBi^2 = 
B\_2B\R2BkBi-2- 

Lemma 9 Let A be a square matrix, then 



BlABk = Bi{I - Dk)A{I - Dk)Bk 
Proof. For any natural number n, we have 



BlABk > (BiAB.r 

= B{ABkBlABk...BiABkBiABk 

> BiA{I - Dk)A{I Dk)...{I Dk)A{I - Dk)ABk 

= Biil - Du)A{I - Dk)A{I - Dk)...{I - Dk)A{I - Dk)A{I - Dk)Bk 

= Biiil - Dk)A{I - Dk^Bk 



therefore BlABk > Bl{I - Dk)A{I - Dk)Bk and thus 



BiABk > Biil - Dk)A{I - Dk)Bk. 

On the other hand, 

BiABk = Bi{I - Dk)A{I - Dk)Bk < Bi{I - Dk)A{I - Dk)Bk 



and then BlAB^ < Bl{I - Dk)A{I - Dk)Bk. ■ 



Corollary 10 If {I-Dk)A{I-Dk) < (/ - Dk)A{I - Dk) then BlABk = 
BiAB^. 

Proof. 

BlABk = Bl{I - Dk)A{I ~ Dk)Bk 

< Bi{I - Dk)A{I - Dk)Bk 

= BlABk 

On the other hand. 



A>A^ BlABk > BlABk =^ BlABk > BlABk 
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Claim: {I-Dk)B\R^Bi{I-Dk) < {I - Dk)B\R^Bi{I - Dk). 
Proof. 



{I - Dk)BlR,Bi{I - Dk) > [{I - Dk)B\R^Bi{I - Dk)f 

= (/ - Dk)B\RrBi{I - Dk)BjRiBi{I - Dk) 



{I - Dk)BfRiBi{I - Dk) = {I - Dk)B\R^BiB\R^Bi{I - Dk) 

= (J - Dk)B\R^Bi[Dk + (/ - Dk)]BjR,Bi{I - Dk) 
= {I - Dk)B\RiBiDkB\RiBi{I - Dk) 

+ (/ - Dk)BfR,Bi{I - Dk)B\R^Bi{I - Dk) 



{I - Dk)BjR,BiDkBlR,Bi{I - Dk) = {I - Dk)B\R^DkRiBi{I - Dk) 

< {I - Dk)BjR^Bi{I - Dk) 



{I - Dk)BjRiBi{I - Dk)BjR^Bi{I - Dk) > {I - Dk)B\R^Bi{I - Dk)B\Bi{I 

= {I - Dk)B\R^Bi{I - Dk) 

thus 

{I-Dk)B\R^BiDkBlR^Bi{I-Dk) < iI-Dk)BfR,Bi{I-Dk)BfR,Bi{I-Dk). 
And therefore, 



{I - Dk)BjR,Bi{I - Dk) = (/ - Dk)B\R^Bi{I - Dk) BjR,Bi{I - Dk) 

< {I - Dk)BlR,Bi{I - Dk) 

m 

Using the same argument we can also prove the following claim. 



Claim: {I-Di^^)BiR^Bk{I-Di_2) < {I - Di_2)BlRiBkiI - A-2). 



Therefore we have BlB\R2BiBk = BlB\R2BiBk and B\_^BlR2BkBi^2 = 
2 -^fc -^2 -Bfc A - 2 • 

Now let us see that ~c' — ~c . We will check c' — Cj for each index i. 
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Lemma 11 Let R — [rij] be a matrix with the properties El, E2 and 
E3 (i.e. an equivalence relation) and ~v an array fixed by the action of 
R. 

1. Ifrij — 1 then e* * if' = e*- * 1^ (i.e. Vi — Vj). 

Now let it = [nj] = {BlRB^y. 

2. Ifri,a-i = then 

3. e*^_i *{R* [(S* * V) e (ea_i * x)]} = {va-i V Va+i) e X. 



Proof. 
1. 



Tjj — 1 ^ el* V = ejR * V (since v = R * v 



> elRcjej * V (since Cje* = Dj < I) 
— e*- * if (since eji?e* = rjj = 1) 

Since R is symmetric, we have also e*.R * if > e-i? * if. 

2. 

fi,a-i ^ ^ ejR = e*i?[(/ - + 

= e*i?(/-D„_i) + e*i?D«_i 
= elR{I - + e*i?e„_ie*„_i 

= e*i?(/-D„_i) 

Thus 

e*i? * [{Bl * If) e {ea-i * x)] = e*i?(/ - * [(5^ * if) © (e«_i * x)] 

= e*i?*{[(/-D,_Oi?* *lf] 

©[(J-D„_i)e«_i*a;]} 
= e*i?(/ - D„_i)5^ * If 

= elBiRB^BiRBM - D^-i)Bi * if 
< elBiRB^BiR * ir 
= e\BiRB^Bi*ir 
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3. 



Since 

elBiRBaCa-i < elRea-i = ^ elB'^RB^ = e\B'^RB^{I - D^_,) 
we have that 

e*i? * [(5^ * V) © (e«-i * x)] < e\BiRB^Bi*l^ 

= elBiRBM-Da-i)Bi*l^ 
< e\BiR*lj' 

On the other hand, we have 

e\R * [{Bi * V) ® (e,_i * x)] > e*i? * {B^ * V) > e\Bi * V 



e*,_ii? * [{B^ * V) © (ea_i * x)] > e^_i * V) © (e«_i * x)] 

= (eLi^a * ^) © (e«_iea-i * x) 

On the other hand 

<-iR*[(Bi*^)®(ea-i*x)] < {ei_,RBl^*ir)®(ei_,Re^_i*x) 

= {Va-l V Va+l) © X 

(*) e^-i-R-^a * ^ > ^a-i-^a * = i^a-i V Va+l, and on the other hand 



e^_ii?5^*l^ = ei_^BiRB^BiRBaBi*ir 

< ei_,BiRBaBiR{I + * V 

= {ei_,BiRB^BiR * V) V {ei_,BiRBaBl^RBaea-iei_,Bl^ * 

< [eLi5i^(/ + BaDa-iBi) * V] V (ei_ii?* * V) 

= (e^iE* i? * V) V {e'^_,BiRBaea-ie'^_,Bi * V ) V (e^_,5* 
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Lemma 12 Let R — [rij] be a matrix with the properties El, E2 and 
E3 (i.e. an equivalence relation) and let R — [r^j] = {Bl^RBa)^. Then: 

(a) For any j ^ a - \, fo,-\,j = ^^a-i.aO) + '^a+i,aO) where a{j) = 

( 3 if j <a-l 
\ j + 2 if j>a-l ' 

(b) Ifi^a-l and j ^a-l then nj > r6,(i),aij); 

(c) Ifi^a — 1, j^a — 1 and fi^a-i — (or rj,a-i — 0) then 



Proof, 
(a) 







(b) 



- ei_,{B'^RB^fe, 

> ei_,BlRBaej 

= iei_, + ei^,)RB^ej 

On the other hand 

r-a-ij = ei_,BiRB„BiRB^ej 

< ei_^BiR{I + B^D^_^Bi)RB^e, 

= ^a-i^iRBaej + e^_^5^i?i?QeQ,-ie^_^i?^i?i?Qej 

= ei_,BiRB^ej 

h,i = e\{BiRB^)\ 



(c) 



> elBiRB^ej ' 



\, = eiiBiRB^fe, 

= e\Bl^RBaBl^RBaej 



< e\BiR{I + BaDa-iBi)RB^ej 

= elBiRB^ej + e\BiRB^e^_^ei_,BiRB^e^ 



elBlRB^ej 



a{i),a{j) 
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(*) e\BiRB^e^_i < e\{BiRB^fe^.i = h,o.^i = {or e^.^B^RB^ej < 

f-a-lj = 0). 

And thus, by (b), we have fjj = ra{i),a{j)- 

■ 

Now, we are going to prove that Ck-i = c^_i for the case Vk-i^is = 0. 

Convention: Ri = [rjj], R2 = [vij] = {B\RiBiY, R3 = [vij] = 
{BiR,Bk)\ R!, = [r^ J = {BiR.Bkr and R', = [r^J = {Bl^R'^B^..^. 

By lemma ITU we have: 

Ck-i = e\_^R-i * [{Bl * b)® {ck-i * Xk)] 

where Xfc = [rk-i,k+i*<^{bk)]®[{^rk-i,k+i)*{bk-iAbk+i)] with rfc-i,fc+i = 

4-1-^26^+1. 

By lemma ini rk-1,1-3 = ^ rk-i,i-i = and rfc+i,/-i = 0. And then, 
by lemma ITTl 

bk-i = e\_^R2 * [{B\ *~a)® (e^-i * xi)] = ak-i 

and 

bk+i = efc+ii?2 * [{Bj *~a)® (e«-i * xi)] = a^+i 

Thus 

Cfc-i = {ak-i V ak+i) © Xk 
Since R'^ = R3, r'j^_^ = r^k-1,1-3 = 0. Then, by lemma ITTl 

4_i = etii?3 * * © (ez-3 * a:;_2)] 

= 4-1 

= 4-1^2 * [{Bi * ^) © (ek-i * x',)] 
= (ofc-i V ttk+i) © x'f. 

where 

x',, = [rfc-i,fc+i * f{ak)] © [(^rfc_i,fc+i) * {ak-i A a^+i)] 
with rfe-i,fc+i = el_^Riek+i. 
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Thus Cfe_i = c'j._i if Xk — x'^. 

Xk = [rk-i,k+i * ^{h)] © [hrk_i^k+i) * {hk-i A h+i)] 

= [rfc-i,fc+i * ^{bk)] © [hrk-uk+i) * (flfc-i A Ofe+i)] 
{*) 

= [^'fc-i.fc+i * Vidk)] © [{-^rk-iM+i) * {dk-i A flfc+i)] 

- [»^fc-i,fe+i * '^{ak)] © [(-Tfe-i.fc+i) * (afc_i A Ofc+i)] 

(*) If rfe-i,it+i = then rk-i,k-\-i * 'fih) = = rfc-i,fc+i * V'(afe). 

If rjk_i,fc+i = 1 then rk,i-i = by the properties Tl and T2 of i?2- 

Thus bk = e\R2 * [{B\ *~a)® (e^.i * xi)] = a^. 

(t) rk-i,i-3 = 0^ rfc-i,/-i = and rfe+i,i_i = by lemma 11. 
rfc-i,/-i = ^ rfc-i,fc+i = rfc-i,fc+i by lemma 11. 

We now prove Ck-i — c'f,_^ for the case fk-i,i-z — 1- 
By lemma 12, 

fk-i,i-3 = 1 ^ rk-i,i-i = 1 or fk+i.i-i = 1 

=^ rfc-i,z-i = 1 or rfc_i,i+i = 1 or rk+i,i-i = 1 or rjk+i,i+i = 1 

Now we have, in theory, 15 cases to study: 

{rk-i,i-i, rk-i,i+i, rk+i,i-i, rk+i,i+i) G {0, 1}^ \ {(0, 0, 0, 0)} 

but we can exclude the cases {rk^i,i-i, rfc_i,/+i, Vk+i^i-i, rk+i,i+i) = (1, 1, 1, 0), 
(1,1,0,1), (1,0,1,1) and (0,1,1,1), because Ri = [vij] satisfies the 
properties El, E2 and E3, and the case {rk-i,i-i, rk-i,i+i, rk+i,i-i, rk+i,i+i) = 
(1, 0, 0, 1), because the inequalities k — l<k + l<l — 1<1 + 1 and 
property T2 of Ri imply that if rk-i,i-i = rk+i,i+i = 1 then rk+i,i-i = 1 
and rfe_i,;+i = 1. 

Thus, we have the following ten cases to study: 
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rk-i,i-i 


rk-i,i+i 


rk+i,i-i 




one geometric realization 


1 


1 


1 


1 




1 





1 





1 / \ \ 





1 





1 




1 


1 










n 


n 


1 


1 







1 


1 







1 
















1 
















1 
















1 





Using the properties of Ri = [vij] and R2 = [rij], and the relations 
between them (i?2 = (BjRiBi)^), it is easy to prove the following state- 
ments: 

1. If rfc_i,/_i = 1 or rfc_i,/+i = 1 or rfc+i,/_i = 1 or rk+i,i+i = 1 then: 

rfc_i,fc+i = 1 {rk-i,i-i = Tk+i^i-i and Vk-i^i+i = rk+i,i+i); 

2. If rfc_i,/_i = 1 or rfc_i,/+i = 1 or rk+i,i-i = 1 or rk+i,i+i = 1 then: 

n-i,z+i = 1 (rfc_i,z_i = rk-i,i+i and r^+i^/^i = rk+i,i+i); 

3. r k-i,k+i = r k~i,k+i + rk-i,i+i^k+i,i-i] 

4. r k-i,i~i = r k~i,i~i + r k-i^i+i, 

5. r k+i,i-i = r k+i,i-i + ^ k+i,i+i- 

Also, using lemma ITT| we can easily check: 
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Cfc-i = {bk-i V bk+i) © Xfc = j 

hi_i = {ai_i V ai+i) © = j 
Since — I k — 1 — {I — 3) e 2Z we have rjfc,/_i = and then 



With this, we can construct the following table: 





•"fc-Lf + l 


'"fc+l.f-l 




'■fc-l.fc+1 


'■fc-l.fc+1 


Cfc-1 


1 


1 


1 


1 


1 


1 


i)fc_i e 'P(bk) 


1 





1 





1 


1 


6fc_i e <^(6fc) 





1 





1 


1 


1 


6fc_l e V(.bk) 


1 


1 














6fc_l ffi 6fc+i 








1 


1 








bk-1 ffi !>fc+l 





1 


1 








1 


6fc_l ® ifiibk) 


1 

















6fc_l e 6fc+i 





1 














bk-1 © tfc+l 








1 











bk-1 © i>fc + l 











1 








6fc_l © 6fc+i 



'■;-i./ + i 


bl-1 


''fc-l.f-l 


6fc-l 


I'fc+l./- 1 


f>fc+l 


Cfc-l 


1 


'•1 1 -r (•■•!) 


1 


„, i + ,.(o/l 


1 


"1 1 -rin,) 


|„; 1 + ,.fr,,)| ,.(o.fc) 


u 


"I -I " / ; i 


1 


('/.. 1 .. ^ 


I 


"/-I - i 


i"(-l .. "(-Ij ■.. V={Ofc) 





»i-l © "1+1 


1 




1 


oj-l © "i + l 


la,_i e a,_|_i| e V3(afc) 


1 


Oi-1 ffi •fiia-i) 


1 


"i-l © 





^k+1 


[a,_i ® ^(tii)] © <2fc+i 


1 


ai-l Q ifiia-l) 





"fc-l 


1 


© ¥J{oi) 


f fc-l © ® <^(aj)| 





a;-l © "1 + 1 


1 


"l-l © ttj + l 


1 


ai_i © Oi + i 


la,_i © a, + iJ ® ¥J(afc) 





a;-l © aj + i 


1 


£il_i ® ai + i 





Ofc+1 


[aj-i © aj + i] e Ofc+i 





ai_i © ai^i 


1 


ai_i e Oj + l 





tifc+1 


[a,_i © a, + i] ® af,+ i 





a;_i © ai + i 





Ofc-l 


1 


aj-l © <2i + l 


ifc-l © l"i-l © "; + ll 





a;-l © '^1 + 1 





Ofc-1 


1 


"i-l © "i+i 


Ofc-l © la;_i © a, + ij 



We can construct an analogous table for the value c^_i. AH we need to 
know is that: 



1. If rk-i,i-i = 1 or rk-i,i+i = 1 or rk+i,i-i = 1 or rjk+i,/+i = 1 then: 
^fc-i,fe+i = 1 {rk-i,i-i = rk+i,i-i and rk-i,i+i = Vk+i^i+i); 



bk-i © bk+i if rfc-i,fc+i = 



bk-i®ip{bk) if rik-i,fe+i 



= 1 



if rk-i,i- 



1 = 
1 = 1 



if rfc+i,/_i = 
if rfc+i,z-i = 1 



a/_i © ai+i if r;_i,;+i = 
a;_i © (p{ai) if = 1 
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2. If rk-i,i-i = 1 or rk-i,i+i = 1 or rk+i,i-i = 1 or rjt+i,/+i = 1 then: 

ri-i,i+i = 1 {rk-i,i-i = rk-i,i+i and rk+i,i-i = rk+i,i+i)] 

3. r[_3,,_i = r/_i,/+i + rfe_i,i+irfe+i,i_i; 

5. rfc_i,i_i = rfe_i,i+i + rk+i,i+i. 

rfc_i^,_3 = ffc-i,/-3 = 1 ^ 

= (ofc-i V afe+i) © 4 = < 



and b'i_2 = ai since r^_i,,_3 = 1 ^ ,_2 = 0. 



""fe-l,!-! 


^k-l.l+l 


^k+l.l-l 






. / 

^1-3.1-1 




1 


1 


1 


1 


1 


1 




1 





1 











K-3<sK-i 





1 





1 










1 


1 








1 


1 


M-3 ® V(b'i_2) 








1 


1 


1 


1 


M-3 ® v(b'i-2) 





1 


1 








1 


b'i-3 ffi >p(b[_2) 


1 

















>>'l-3 ® '''l-l 





1 














b'l-3 ffi 6!-! 








1 











b'i-3 e 











1 








b'l-3 ISb'i-i 



^fc-l,fc+l 


b'k-1 


. / 

^1-3, k-1 


b'l-3 


. / 

^k-l,l-l 


b'l-. 


/ 

Cfc-1 


1 


a-k-1 ffi 4=(ofc) 


1 


cik-l © ^(tifc) 


1 


Ofc-1 © viik) 


[afc_i © ifiiak)] © ¥>(a() 


1 


a-k-1 ® ^(af.) 


1 


© 'i=(ofc) 





iz+l 


|£ifc_i © ip(ak)\ © aj + i 


1 


ife-l ® 4=(£ifc) 







1 


ak-i © vCtifc) 


"i-l © |ofc-l © vCife)! 







1 


Ife-l © ajc+l 


1 


Ofc-l © Ofc + i 


[ofc.i ® a^+il © ip(ai) 





Ofc-l © ttfc+1 


1 


afc-1 © ak + 1 


1 


® Ofc + l 


[ak-i © Bfc + il © tp(ai) 





afc-1 © 


1 


ak-i © afc_|_i 


1 


ak-i e Ofc+i 


[ofc-l © tifc+il © ip(ai) 





Ofc-l © Ofc+l 


1 


ak-i © afc_|_i 







[ofc-l © tife+i] © ai^i 





Ofc-l © 







1 


afc-1 © <2fc + i 


a-l-1 (B [ofc-l ffi Ofe+l] 





ifc-l ® Ofc + i 


1 


afc_i © ttfc + i 





"i+l 


ffi aj._,.ij © ai^i 





aje-1 ® ajt+1 







1 


a(j_i e ak+1 


ai_i © [afc_i ak+il 



3,1-1 



b'i_,(B^{bl^) if r;_3i_i = l 



if r 



A;-l,Z-3 



if 1 = 



if r 



A;-1,Z-1 



Qk-i © </7(ajfc) 



if rfc-i,fe+i = 

if 1^k-l,k+l — 1 
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In order to facilitate the comparison of Ck-i and c^_j^ we will substitute 

each flj (with i ^ {k + 1,1 — 1,1 + 1}) appearing in the expressions of 
Cfc_i and c'f._-^ by aj where j G {A; — 1, A; + 1, / — 1, / + 1} is the smallest 
index such that j = 1. 



The results can be seen in the following table: 





r k-l,l+l 


r k+l,l-l 


r k+l,l+l 


'f' k-l,k+l 


'f' 1-1,1+1 


1 


1 


1 


1 


1 


1 


1 





1 





1 








1 





1 


1 





1 


1 











1 








1 


1 





1 





1 


1 











1 




















1 




















1 




















1 











ai-i 




Cfc-l 


4-1 


Ofc-l 






afc_i © ip{ai) © <^(afc) 


ak-i © 93(afe) © 99(0;) 


Ofe-l 


a.fe-1 


0./+! 


Ojfc-i © ai+i © (/^(afc) 


Qk-i ® </?(afe) ® a^+i 


Ofe-l 


ai-i 




a;_i © Ofc-i © v?(afc) 


ai-i ® afc_i ® (yi5(afc) 








afc_i © (p{ai) © afc+i 


Ofe-i © Ofc+i © 7^(0/) 








Ofe-i © afe+i © v?(a/) 


Ofc-i © Ofc+i © V^(az) 




Ofc+i 


a.fe-1 


Ofe+i © afc_i © (/^(afe) 


Ofe-l © Ofc+i © 99(a;) 








afc_i © ai+i © ttfc+i 


ttk-l © Ofe+i © a;+i 




a/„i 




a/_i © Ofe-i ® ajfc+i 


ai-i ® Ojfc-i ® Ojfc+i 








Ofe-i © Ofe+i ® Oi+i 


Ofe-i ® Ofc+i ® Qi+i 




a;-i 




Ofe-i © ai-i ® Ofc+i 


ai-i ® Ojfc-i ® Ojfc+i 



We can easily sec that Ck-i = c^_^ for all rows except the sixth row 
where Ck-i = c'^_i if = ai. But, since rk-i,i+i = r^+i^i-i = 1 and 
r^-i^k+i = in this case, we have, by the topological properties T2 and 
T3, that Tk^i = 1 and then a^. = ai. 

Now, to see that q_3 = c'i_^ we proceed in the same way as we did to 
show Cjfc_i = c^_i for the case i^k-1,1-3 — 0. For the case f^k-1,1-3 = 1, 
we have q_3 = Ck~i — c'f,_^ — cj_3 (by lemma 11). 
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For another generic index i, we have: 

If fj^fc-i = 1 then Ci = Ck-i = c'^_i = c[. 
If fi,;_3 = 1 then d = ci^s = cj^g = c-. 
If = f j = then we have: 

, r , f i if i < k — 1 
where kh) = < . ^ ■ , 

\ 1-2 if z>A;-l 

fj;_3 = ^ '^k{i),i-i — 0; by lemma 11. Thus 

c^ = = e|(.)i?2*[(A**^)©(e/-i*a;0]} = e\^^B\*^ = e\BlB\*-^ 

4 = e*i?^ * [{BU * V') © (e,_3 * x[_^)]} = e\BU * 'h' = b[-,^^ 

i'lk-i = ^i,k-i = ^ ^''iZ2(i),k-i = ^' by lemma HU Thus 

c^ = b[-2i^) = el^2W^2*[(5i*^)©(efc-i*4)]} = e[^2»^i* = ^BUbI* 

Since B\_2Bl = B^Bj we have Cj = c-. 

4 Systems of non-singular planar curves 

Now, we are going to study this representation in the particular case of 
systems of non-singular planar curves. We mean by a system of non-singular 
planar curves an immersion in the plane of a finite number of disjoint circles 
which may be regarded as a morphism from the empty partition of the line 
to itself (i.e. an element of hom(0,0)). 

Any morphism t G hom(0, 0) is a word made of generators t„^fc and in^k- 
Let us make the substitution: tn^k ^ (2, 2k— n— 3) and in^k ^ (^2, 2k— n— 3) 
for each word. The number 2k — n — 3 counts the number of strings on the 
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left of the local maximum (minimum) minus the number of strings on the 
right. 

The following lemma shows that no information is lost after this substi- 
tution. But first, let us introduce a notation for the following sets: 

S+ := {(2,n) : n e 2Z} 

and 

S_ := {(-2,n) : n e 2Z} 

Lemma 13 After the substitution: tn,k ^ {2,2k— n— 3) andin,k ^ {—2,2k— 
n — 3) of a morphism t G hom(0, 0) we get a word (ci, di){c2, d2)---{cn, dn) in 
S+ U S- satisfying the following condition: 

C. For any index i: 

ifci = 2 then \di\ < -{J2j<iCj) -2 = 'ZjyiCj, 
ifci = -2 then \di\ < - EjoCj = (Ej>,Cj) - 2. 

Also, if a word in U satisfies this condition then there exists a unique 
morphism t G hom(0, 0) that becomes this word after the substitution: tn^k 
(2, 2k — n — 3) and in,k ^ {~2, 2k — n — 3). 

Proof. Observing that each (cj, di) substitutes one generator tn^^fc. or in^^ki 
it easy to see that — y^,-^,;C,- is the number of points at the bottom of the 

generator (t„.,fc. or tnf,fci) and that Ylij>i'^3 number of points at the top of 
the generator. The condition follows naturally from this fact. 

For the second part of the lemma, we make the inverse substitution 
{ci,di) = {2,k) ^ tn',k' with n' = {Ej>iCj) + 1 and k' = ^±f±^, and 
{a, di) = (-2, A;) ^ with n' = (E,>, c,) - 1 and k' = ^±f±^. ■ 

So we have a new language for morphisms in hom(0, 0) and in this lan- 
guage the local relations become: 

1 ...(q, di){-2, k){2, A;+2)(ci+3, cii+s)--. = --{ci, di){ci+3, di+3)... = ...(q, di){-2, k){2, k- 

2)(ci+3, di+3)... (i.e. o 4' =id = 4'-i o 4'); 

2 ...{2,k){2,l)... = ...{2,l + 2){2,k + 2)... ior k < 1-2 (i.e. 4'o4 =4+2^4' 

for r > k' + 2); 

3.1 ...(-2, k){2, 1)... = ...(2, / - 2)(-2, k + 2)... for A; < Z - 4 (i.e. 4/ o 4 = 

ir^2 o 4' for I' >k' + 2) 
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3.2 ...{2,k){-2J)... = ...(-2,Z+2)(2,A;-2)... for A; < Z (i.e. = ti'+2oik' 

for l'>k' + 2) 

4 ...(-2, k){-2, 1)... = ...(-2, 1 - 2)(-2, A; - 2) for A; < Z - 2 (i.e. o 4' = 
fk'ofi, for r > A;' + 2). 

Note that, by the previous lemma, these relations preserve the condition 

C. 

Proposition 14 Any word in S+ U S- satisfying the condition C is equiva- 
lent, by the previous relations, to a word of symbols (2,0) and (—2,0). 

Proof. We use the following algorithm to transform any word in U 
satisfying the condition C into a word of symbols (2, 0) and (—2, 0). 
ALGORITHM: 

input: Take a word in S+ U satisfying the condition C; 

step 1. Apply the relations 3.1 (...(2, / - 2)(-2, k + 2)... = ...(-2, A;)(2, /)... 
for A; </ - 4) and 3.2 (...(2, A;)(-2, 1)... = ...(-2, / + 2)(2, A; - 2)... for 

k < I) so as to put all the symbols of the form (—2, k) on the left side 
of the word and all the symbols of the form (2, A;) on the right; 

step 2. Use the relations 2 (...(2, A;)(2, 1)... = ...(2, l + 2){2,k + 2)... for k < 
1-2) and 4 (...(-2, A;)(-2, 1)... = ...(-2, /-2)(-2, A;-2) for k < 1-2) to 
order in semi- decreasing order (according to di) each block consisting 
of (cj, di) of the form (2, k) or (—2, A;); 

step 3. If there exists a sequence of the type (—2, k){2. k + 2) in the word we 

apply the relation 1 (...(q, (ii)(-2, A;)(2, A;+2)(ci+3, cii+s)... = ...{ci,di){ci+^,di 
and go back to step 1; 

step 4. If there exists a sequence of the type (—2, A;) (2, /) with k < 1 — 4 then 
we apply the relation 3.1 (...(-2, A;)(2, /)... = ...(2, / - 2)(-2, k + 2)...) 

and go back to the step 3; 

step 5. If there doesn't exist a sequence of the type {—2,k){2,l) with k < 
/ — 2 in the word we output this. 

Claim 1. The algorithm always terminates in a finite number of steps. 
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We will prove this by induction on the number of symbols since the algo- 
rithm doesn't increase this. 

It easy to see that any word satisfying the condition C has the same 
number of symbols of the form (2, /c) as of the form [—2,k), and always 
begins with (—2, 0) and ends with (2, 0). So (—2, 0)(2, 0) is the unique word 
of two symbols and this passes through the algorithm without any changes. 

Now, assuming that the algorithm terminates for any word with 2n sym- 
bols, we take a word with 2n -|- 2 symbols. We consider for any word 
w = {ci,di){c2,d2)-..{cn,dn) the "potential" 

E{w) = ( J] ^, 5] rfi - 5] di) 

Ci — 2 Cj — 2 Cj — 2 

which takes values in with lexicographic order (i.e. (a, b) < (c, d) iff a < c 
or a = c and b < d). We can see that, after being increased in step 1, the 
potential of the word is always decreased until (if it occurs) the algorithm 
returns to step 1 (after step 3), but in this case the word has 2n symbols and 
then by the induction hypothesis the algorithm terminates. The condition C 
implies that there are a finite number of potentials for a word with 2n + 2 
symbols (or less), and thus the algorithm terminates in a finite number of 
steps. 

Claim 2. The output word has only (2, 0) and (—2, 0) as symbols. 

For a word w = {ci,di)...{c2n,d2n) let ai < ... < an be the indices such 
that Cq,- = 2 and f]-^ < ... < /5„ be the indices such that c^. = —2. We 
consider a new "potential" E2 defined by the formula: 

E2{w) = max ({^^^+1 - d^i - 2{ai+i - - 1) : 1 < i < n - 1} \J 

{^ft+i - dp^ - - A - 1) : 1 < i < n - 1}) 

After step 2 the potential of the word becomes non-positive and step 4 
doesn't change this. This means that the output word contains no sequence 
of the type (2,A;)(2,Z) or (— 2, A;)(— 2, Z) with k < I. It is a condition of the 
algorithm that the output word contains no sequence of the type (—2, k){2, 1) 
with k < I. 

Thus, if it does not contain a sequence of the type (2, k){—2, 1) with k < I, 
then the word is ordered by semi-decreasing order and, since it has to begin 
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with (—2,0) and to end with (2,0), the word has only (2,0) and (—2,0) as 
symbols. 

To show that the output word contains no sequence of the type (2, A;) (—2, /) 
with k < I, it is enough to observe that after step 1 there is no sequence of the 
type (2, k){—2, 1) and that steps 2 and 4 do not produce any new sequences 
of the type (2, A;) (-2, 1) with k < I. M 

NOTE: This algorithm was not conceived to be the most efficient 
but to guarantee an easy proof that it terminates. The author 
conjectures that there exist more efficient algorithms. 

Next, we observe that the family of non-singular planar curves (i.e. hom(0, 0)) 
together with the composition has a structure of a commutative monoid. We 
will see that any irreducible element of this monoid (i.e. a system of curves 
that is not a composition of other systems of curves) is a system of curves en- 
circled by another curve. Note that to encircle a system of curves by another 
curve is, in the (±2, k) words language, the same as adding a (—2, 0) at the 
beginning and a (2,0) at the end of the corresponding word. Thus if a word 
(ci, 0)(c2, 0)...(c„, 0) of symbols (—2,0) and (2,0)^ satisfing the condition C 
(and thus (ci, 0) = (—2, 0) and (c„, 0) = (2, 0)) doesn't come from a system of 
curves encircled by another curve (this means that the word (c2, 0)...(c„_i, 0) 
doesn't satisfy the condition C) then there exists 2 < k < n such that 
'^j<k^j ~ 0' which implies that (cfc_i,0) = (2,0), (cfc,0) = (—2,0) and 
the words (ci, 0)...(cfc_i, 0) and (c^, 0)...(c„, 0) satisfy the condition C. There- 
fore the morphism in hom(0, 0) (corresponding to the word (ci, 0)...(c„, 0)) is 
the composition of two morphisms in hom(0, 0) (corresponding to the words 
(ci,0)...(c,,_i,0) and (c^, 0)...(c„, 0)). 

Note that we have just proved that an irreducible morphism is another 
morphism encircled by an exterior curve, but we haven't proved yet that a 
morphism encircled by an exterior curve is an irreducible morphism. This is 
because the last proposition says nothing about when two words of symbols 
(—2, 0) and (2, 0) represent equivalent words (by the relations 1, 2, 3 and 4). 

However we do know that, using the composition of morphisms and the 
operation of encircling, we can generate all morphisms in hom(0, 0) from the 
identity. 

^By the previous proposition, any system of non-singular planar curves can be repre- 
sented in this way. 
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With this in mind, we are going to see what happens in the representation 
when we compose two morphisms (see corollarvll7|l or encircle one by a circle 
(see corollary EU . 

Consider, for a fixed value m G M and for each natural number n, the 
following morphism: 

^n,m: On On 

{R,1j') I — > (i?,i?* (ei * m© V)) 

The purpose of this morphism is to add the value m to the region asso- 
ciated to the first interval. 

Lemma 15 For any 2 < k < n + 1, fn,k ° ^n,m = ^n+2,m ° Tn,k and fn,k ° 

^n+2,m = ^n,m ° Tn,k 

Proof. 

First equation: fn,k ° ^n,m = ^n+2,m o T^^k- 

For an arbitrary (i?, V) G On, let (-Ri, = '^n,m{R, "?^), (-R2, ^2) = 

fn,k{Rl, "y^l), {R[, ^'1) = fn,k{R, "y*) and (i?2, = ^n+2,m(-Ri, '^'l)- 

We want to check (i?2, ^2) = (-R25 "^2)- 

Since does not change the matrices and the changes of the matrices 
under the morphisms T do not depend on the choice of the array of 
values, it is obvious that i?2 = -^2- 



V 2 = Bn,k * V 1 

= Bn,k*[R* iei*m®~u'i)] 

= Bn,kR * (ei * m © Vi) 

= Bn,kRBl f.Bn,k * (ei * m © ~Vi) 

= [Bn,kRBn kBn,k * (Ci * m © Ij" i)] V [Dn+2,kBn,k * (Ci * m © Vi)] 

= {Bn,kRB*n,k + Dn+2,k) * [Bn,k * (Ci * m © if i)] 

= R[ * [{Bn^kei * m) © (B„,fc * U^i)] 
= R[ * [{Bn,kei * m) © 

On the other hand, 

1j^2 = R'l * (ei * m © V'l) 
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If /c > 2 then Bn,kGi — e\ and therefore ~V2 — ~v'2- 
If A; = 2 then 

it's = R[ * [(S^^feCi * m) © 

= R'l * [(ei * m V 63 * m) © 'v''^ 

= R[ * (ei * m © ~v'^) V * (es * m © 

= * (ei * m © 

because i?^ * (es * m © 'v^'^) — R[ * (ci * m © V^^) as we will prove next: 



R[ei = {Bn,2RBn 2 + -Dn+2,2)ei = i?„,2-R-B* 2<5l V -Dn+2,2ei = BnfiRei 
R[es = {B^,2RBl2 + Dn+2,2)(^3 = S„,2i?5^^2e3 V D„+2,2e3 = 5n,2i?ei 

thus -R'lei * m = -R'^Cs * m, and using the next lemma we conclude 
R[ * (63 * m © = R[ * (6i * m © Vj. 

Lemma 16 IfR = R* and R*!/ = if then R*{'u'®~v ) = R*ljt®~v'. 
Proof. Let it :— R* {it © if) and 'y^ :— R*li ® if, then 















= (V,:.„,=l«j) 




= (Vi^i,i*«i) 









Note that, since R* v = v , we have that vj = Vi whenever Vij = 1. 
■ 

Second equation r„,fc o *„+2,m = *n,m o Tk.fe- 

For an arbitrary {R, if) G let if) = \&n+2,m(-R, if), (-^2, ^ ) = 
T„,fe(i?i,^), (i?'i,^0 ^T;,fc(7?,lf) and (i?^, V') = ^')- 
We want to check (i?2, V) = (i?^, V'). 



Representations of non-singular planar tangles by operators 52 



Since \1/ does not change the matrices and the changes of the matrices 
under the morphisms T do not depend on the choice of the array of 
values, it is obvious that R2 = R'2- 

~b = R2* [{Bl *'a)® efc_i * i^] 

with 

~a = R* {ei*m.® U^) = Rei * m © 1/" 

and 

~ ^ ( A ttfe+i if rk-i,k+i = 
\ ^{a-k) if rk-i,k+i = 1 

On the other hand 

V' = i?2 * (ei * m © ~a') = R'^ci *m®~a' 

We want to check b = b '. 

A) bk-i = 

By lemma ^2 we have 

bk-i = (ctfc-i V flfc+i) © Xfc = 
Bearing in mind that 



ttk-i © cifc+i if r-fc-i.fe+i = 
flfc-i © v{ak) if rk-i,k+i = 1 



afc_i = el_^ * {Rci * m®lf) = rk-i^i * m © Vk^i 
ak+i = el+i * {Rci * m © If ) = r^+i^i * m © Vk+i 
ak = e\* {Rci * m © "if ) = r^,! * m © t;^ 
we have that 



b = / (^'^-I'l * ® ^fc-i ® (^A;+i,i * m) © f fc+i if rk-i,k+i = 
''""^ \ {rk-1,1 * m) © Vk-i © ^{rk,i * m © Wfe) if r/c_i,fc+i = 1 

Now we note that rk^i^k+i = implies that Vk-i^i = or Vk+i^i = 
and therefore (rfc_i,i * m) © {rk+i,i * m) = {rk^i,i + rfc+1,1) * m. 
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On the other hand rt-i.k+i = 1 imphes that rk^i = and 
Thus 

b = / ^'^''-^'^ + '^fc+i.i) * m ® Vk-i © Vk+i if rfc_i,fc+i 
''"^ \ {rk-1,1 + rk+i,i) * m © © (f{vk) if rfc_i,fc+i 

That means 

h-i = (rk-i,i + r-fc+i,i) * m © 
by lemma ITTl Now 

T' = * (d * m © ~a') = R[ei *in®~a' 



I.e. 



= eti * (i?'iei * m © 
= 4-i^'iei * m © 
= r^_i,i*m©<_i 

and using lemma IT^ we have 

= ('^fc-i.i + rk+i,i) * m © a^_i 



B) 6, = b', with r^_i = 0. 

By lemma [TTJ 6j = e--B^ * 'a' 



bi = elBl * {Rci * m © f 



ejBlRei * m © e*S^ V 



On the other hand, 



b'i = el{R[ei * m ® ~a') 
= elR'iCi * m © e{~a') 
= r- 1 * m © e-i?|.V 



Thus we have bi = b[ if = r^^^-j^ 
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If - 1 ^ 1 then, by lemma [El = rk(i);k{i) = 

If A; - 1 = 1 then, by lemma [HI r^-i = r,-fc_i > = r^^^ i 

and since = r[j^_^ = we have r[^^ = r^-^^^. 

C) b, = h\ with r^_i = 1. 

Since, by lemma [TTJ hi = b^-i and 6- = this shows that 
k = h\. 

■ 

Corollary 17 1. For any T G hom(0^. On), T o = ^„ o T; 

2. For any T G hom{Oi,Oi) (corresponding to a system of non-singular 

planar curves) T{[1],(D) = T([l], m) = ([1], x © m); 

3. For any Ti,T2 G hom(Oi,Ci) Ta o Ti([l],0) = ([l],m2 © mi) where 

([l],mi)=7^,([l],0), 2 = 1,2. 

Proof. 

1. It is obvious that if {\E'n,m}ngN commute with the generators Tn,k and Tn^k 

then they commute with any morphism T. 

2. T([l],m) = To^i,^([l],0) = ^i,^oT([l],0) = ^i,„.([l],x) = ([l],x©m). 

3. T2 o Ti([l], 0) = T2([l], mi) = ([1], ui^ © mi). 
■ 

This result shows that all information about a morphism T G hom(0i, 0i) 
is contained in a single value v G M (which is obtained evaluating the mor- 
phism T on ([1], 0)). Thus, we can associate a value in M to each system of 
non-singular planar curves. Moreover this association is a monoid homomor- 
phism. 

Next we will look at what value is obtained when a collection of planar 
curves is encircled by another curve. 

Consider, for each n, the following subset of On 

Un = {(i?, V) G On : e{Ren = 1} 

By the property Tl we have that Un = ^ for any even number n. It is 
clear that Ui = Oi and therefore it easy to see that Un ^ ^ for any odd 
number n, using the following result. 
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Proposition 18 For any n and k, if {R, ~v') e tin then Tk{R, ~v') G Un+2 
and Tk{R, V) e Un-2- 

Proof. Let {R', ~v') = fk{R, V). We want to see that if e\Ren = 1 then 
e\R'en+2 = 1- 

e\R'en+2 = e\{BkRBl + Dk)en+2 
= e\BkRBlen+2 
= e\Ren = 1 

Let {R\~v') — Tk{R,l^). We want to see that if e{Ren — 1 then 
e{R'en-2 = 1- 

e\R'en-2 = e\{BlRBkfen-2 

> e{BlRBken-2 

> e\Ren — 1 

■ 

Now we consider, for each odd natural number n, the following morphism: 

£n ■ l^n+2 

with 

R — EnREl^ + F„+2 
and _^ 

where En — [eij] is an (n + 2) x n matrix defined by e^j — 1 ^ i — 1 — j and 
Fn+2 — [fi,j\ is an (n+2) x (n+2) matrix defined by fij = 1 44> i, j e {1, n+2}. 

Proposition 19 For any odd natural number well defined. 

Proof. Wc need to see that if (i?, e ZY„ then if) G W„+2- 

Let (i?, {; ) = en{R, if )■ We are going to check that i? * if = if implies 

R*^ = R satisfies the properties El, E2, E3, Tl, T2 and T3 and the 

(1, n + 2) entry of i? is 1. 

For this purpose, we are going to use the identities: E^En = I, E^Fn+2 = 

O and Fn+2En — O, which we will leave to the reader to check. 
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R* V 



= (EnREiEn) * V V (F„+2K) * V 



— EnR * V 




— V 



The properties El, E2 and E3 of R are very easy to verify, so we leave 
them as an exercise. 

For the properties Tl, T2 and T3, we observe that the (i.j) entry of R 
is the {i — 1, j — 1) entry of i? if 2 < i, j < n + 1, 1 if i, j G {1, n + 2} and 
in all other cases, i.e.: 



In particular, we have ri,n+2 — 1- 

Property Tl: fij = 1 =^ j - i e 2Z. 

We have fjj = 1 =^ i,j G {l,n + 2} or ri_ij_i = 1. Since we have 
taken n to be odd and R satisfies Tl we have j — i E 2Z. 

Property T2: ^a<f3<f<5rar/ = rp,5 = 1 ^ f^^p = f^^^ = f^^s = 1- 

We only need consider the case a < P < j < 5, and then ra,'y = 
fp^s = l=^2<Q;</3<7<5<n + l. Thus f^^^ = ra-i,'y-i 
and rp^s — ^^13-1,6-1, hence, since R satisfies T2, we have r^-i,^-! = 
r^_i,7_i = = 1, that is fa,p = f^^^ = r^^s = 1- 

Property T3: ya<pfa,i3 = 1 =^ ^a+i,/3-i = 1 or 3a<^<^ : fa,^ = 1. 

If q; = 1 then foc,i3 = l^/3 = n + 2. Thus fa+1,/3-1 = f2,n+i = n^n = 1 
since R^Un . 

If a > 1 then fa,p = l^/9<n + 2. Thus 




ri_i j_i if 2 < j < n + 1 
1 if ^,jG{l,n + 2} 



otherwise 



ra+l,(3-l 



1 or 




1 



^This is an abuse of notation, since we should write {R, V) € W, 
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Lemma 20 For any 2 < k < n + 1, we have the identities Tn+2,k+i ° — 

O Tn^k 0,nd ° = ° Tn-2,k 

Proof. 

First identity: T„+2,fc+i ° £n = £n+2 ° Tk,fc- 

For an arbitrary {R, iT) G W„, let If'i) = en{R, U^), {R2, ~y*2) = 
fn+2,k+iiRi, ^1), (^i, ^'1) = fn,k{R, ^) and {R'2, = en+2{R[, 'v"i). 
We want to check (R2, V2) = {R2, ^2)- 



R2 = Bn+2,k+lRlBn+2,k+l + -C'ji+4,fe+l 

= Bn+2,k+l{EnRE^ + -P'n+2)-Bn+2,fc+l + -Dn+4,fc+l 

= -Bn+2,fc+l-E'„-R-E'* -B*+2,A;+1 + -6n+2,fc+l-^n+2-B* +2,fc+l + -Dn+4,fe+l 

= En^2Bn,kRBnj^El^_^_2 + F„_|_4 + E„+2-D„+2,fc-E'* +2 

= E„j^2{Bn,kRBl^j. + Dn+2,k)En+2 + -^11+4 

= En+2R'lE^_^_2 + F„+4 

= i?2 

V2 = S„+2,fe+l * ^1 

= -B„+2,fc+l * {En * V) 

= {Bn+2,k+lEn) * 1^ 

= {En+2Bn,k) * 

= E„+2 * {Bn,k * ^) 

= V'2 

Second identity r„,fe+i o £n = en-2 o fn-2,k- 

For an arbitrary {R,l/) G W„, let {Ri,li ) = en{R,~v'), {R2, b ) = 
fn,k+i{Ri, 'a ), (R'l, = T„_2,fc(-R, 1^) and (i?2, ^ ') = £n-2{R'i, ~a')- 
We want to check (i?2, = (i?^, T'). 
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R^ = [-Sn,fc+l-Rl-Sn,fe+l]^ 

= [Bi^k+l(EnREn + Fn+2)Bn,k+lV 

= [Bn^k+lEnREl,Bn,k+l + 5* _fe+i-F„+2-B„,fc+l]^ 

= {En-2Bl,_2^kRBn-2,kEl^_2 + F^f 

— l^n-2-Dn-2,k'^^n-2,k^n-2^n-2^n-2,k-^-^n-2,k^n-2 

+En-2B^n-2,kRBn-2,kEn-2Fn + -Fn-£^n-2-Bn-2,fc-R-Sn-2,fe-£^n-2 + -^n 

= £'„_2-R'i-E'*_2 + Fn 

= R2 



= E^_2KEl^-2 * [(^n,fe+iK * ^) © (efe * 

= K-2^'l * {Ei^2 * (^n-25*_2,fc * ^) © (£^^-2efe * ^fe+l)} 

V(i^„^„-25*_2,fc * ^) © (^«efc * Xk+i)] 

= En^2R'l * [(^* _2^n-25^_2,fc * ^) © (Cfc-l * ^fc+l)] 
= E„_2i?i^[(5*_2,fc * V ) © {Ck-l * Xk)] 

= £;„_2 * ~a' 



Here Xk+i = -'rfe,fe+2 * (ofc A 0^+2) © fk,k+2 * (p{ak+i) where fk,k+2 = 
e^i?iefc+2- 

Since 1 <A;, A: + 2<n + 2we have that rk,k+2 = i^k-i,k+i ^-^d = 
Ofc+i = ffc and afc+2 = ^^fe+i- Thus Xk+i = Xk- 

■ 

Corollary 21 Le^ F : PXm — >■ PXm &e ^/ie functor which sends Tn,k and 
fn,k toTn+2,k+i andfn+2,k+i (rcspcctwcly) . Then 

1. For any T e homilAnMm) , £m°T — F{T) o En- 

2. For any T e hom(C»i, d) (note that Ui = Oi), r([l],0) = ([l],x) =^ 

T'i,2oF(r)of'i,2([l],0) = ([l],</^(x)). 
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Proof. 



1. This follows immediately from the previous lemma and the definition of 
the functor F. 



2. 



ti,2oF(T)ofi,2([l],0) = Ti,2 0F(T) 



1 1 

1 

1 1 

fi,2oF(T)o£i([l],0) 
Ti,2O£ioT([l],0) 
^1,2 o£^i([l],x) 
1 1 

1 

1 1 
([l],^(x)) 




Note that Ti 2 o F{T) o Ti 2 is the representation of ti^2 ° -^(^) ° ^1,2^ which 
corresponds to the encirclement of the morphism t. 

In summary we see that the representation of a system of non-singular 
planar curves is a morphism in hom{Oi,Oi), but this is determined by a 
single value. This means that the representation gives an application of the 
monoid of systems of non-singular planar curves hom(0, 0) to the monoid 
of the representation M. To a morphism t G hom(0, 0) we associate the 
value v{t) e M such that i[l],v{t)) = T([1],0) where T e hom(Oi,Ci) is 
the representation of t. This application is a monoid morphism (f (ti o tg) = 
f (ti)©f (^2)) as we have seen (see corollary[T7j), and furthermore, the function 
if is what corresponds in M to the operation of encircling a system of curves 
by another curve (see corollarv l?T|) . i.e. v{{t)) = ip{v{t)) where (t) denotes 
the encirclement of the morphism t. 

We are going to study this application in the following two particular 
cases. 

First case: the monoid is the natural numbers with the usual multipli- 
cation as the operation of the monoid and with the division order giving the 
lattice structure; the function ip is the function that sends a number n to the 



n 



th 



prime number. 



^Here the functor F is defined in the same way for PT as it was for Pip, 



Representations of non-singular planar tangles by operators 60 



We are going to see that, for systems of non-singular planar curves, the 
application is a monoid isomorphism (and thus is a complete invariant for 
such systems). This means that two systems of curves with the same value 
are equivalent (isotopic). Let us prove this by induction on the value v{s) = n 
of the system s. Note that it only remains to prove that the application is 
bijective. 

First we observe that if a morphism s G hom(0, 0) is irreducible (and thus 
is encircled) then v{s) is a prime number. 

If v(s) = 1 then s is the empty system of curves (the identity in hom(0, 0)) 
because a non-empty system of curves is a non-empty composition of irre- 
ducible morphisms therefore it has a non-empty product of prime numbers as 
value V (i.e. v{s) > 1). This implies that if a morphism has a prime number 
as value then it is irreducible. Thus an encircled morphism is irreducible. 

Now let v{si) = v{s2) = n, and suppose by the induction hypothesis that, 
for k < n, v{si) = v{s2) — k implies Si = S2- 

If n is a prime number (say the k^^ prime) then si and S2 are irreducible 
(encircled), that is si = (ss) and S2 = (54) and ^(53) = ^(54) = k. Thus, by 
the induction hypothesis, S3 = S4 and therefore Si = 82- 

If n is a composite number then si and S2 factorize into the same irre- 
ducible morphisms because if an irreducible morphism S3 is a factor of si then 
^(ss) is a prime number that divides n and, by the induction hypothesis, S3 
is the unique morphism with value v(s3), therefore S3 is also a factor of 82- 
The same argument can be used to prove that each factor appears in Si and 
S2 the same number of times. We only need to do the following exercise to 
conclude that si = S2. 

Exercise 1 Show that the monoid hom(0, 0) is commutative. 

Second case: the monoid is the non-negative integer numbers with the 
usual sum as the operation of the monoid and with the usual order giving 
the lattice structure; the function (p is the function that sends a number n 

to its successor n + 1. 

We arc going to see that, for a system of non-singular planar curves s, 
v{s) is simply the number of curves of s. 

This is very easy because, since the application v is uniquely determined 
by the relations v{si o S2) = f (si) + f (S2) and v{{s)) = ip{v{s)) = v{s) + 1, 
we only need to observe that the number of curves z/(s) of a system of curves 
s satisfies the relation i/(si o S2) = i^(si) + ^^(-52) and i^{{s)) = ^{s) + 1. 
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